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Magnetohydrodynamics (MHD) is a subject concerned with the dynamics of 
electrically conducting fluids (plasma) and can be applied in electric power 
generation. As a unique technology for producing direct-current electricity 
without moving parts, it can be utilized within a high-temperature topping 
power cycle to be combined with a traditional bottoming power cycle, 
forming a combined-cycle MHD system. This study presents governing 
equations for the electric field and current density field within a moving 
plasma subject to an applied magnetic field. The modeling equations are 
described at four descending levels of complexity. Starting with the first level 
of modeling, which is the most general case, where no assumptions are made 
regarding the electric field, plasma velocity field, applied magnetic field, or 
electrode geometry. In the second level of modeling, the magnetic field is 
treated as one-dimensional. In the third level of modeling, a specific Faraday-
type magnetohydrodynamics plasma generator channel is considered, having 
two continuous electrodes acting as parallel constant-voltage terminals. In 
the fourth (and simplest) level of modeling, an additional approximation is 
made by setting the Hall parameter to zero and replacing all vector fields 
with scalar quantities. For that simplest model, a representative set of 
operation conditions (electric conductivity 20 S/m, temperature 2800 K, 
supersonic plasma gas speed 2000 m/s with Mach 2.134, and magnetic flux 
density 5 T) shows that the optimum idealized electric power that can be 
extracted from a unit volume of plasma is estimated as 500 MW/m3. This is a 
much larger volumetric power density than typical values encountered in 
reciprocating piston-type engines (0.2 MW/m3) or rotary gas turbine engines 
(0.5 MW/m3). Such an extremely high power density enables very compact 
power generation units. 
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1. Introduction 

* Global population growth and technological 
development led to an increasing demand for 
electricity as a critical utility for society (Sen et al., 
2021). Large-scale commercial production of 
electricity can utilize one of several primary energy 
sources, with a power plant converting this natural 
energy source into electricity. Many well-established 
technologies for electricity generation are based on 
Faraday's law of electromagnetic induction, where 
an electromotive force (developed voltage) is 
induced in a coil if it is subject to a changing 
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magnetic field relative to it (Smit et al., 2018). A key 
element of these electricity generation technologies 
is an alternating-current (AC) mechanical 
turbogenerator, where a number of coils are made to 
rotate (using input mechanical rotation shaft power) 
within an applied magnetic field (Danilevich et al., 
2010). Steam power plants, diesel power plants, gas 
turbine power plants, hydroelectric (hydropower) 
power plants, and nuclear power plants utilize the 
conventional method of mechanical turbogenerators 
(Raja and Srivastava, 2006). Other non-conventional 
electricity generation technologies include 
thermoelectric generators (Liu et al., 2023), fuel cells 
(Aminudin, 2023), photovoltaic solar cells (Marzouk, 
2022), and magnetohydrodynamics (MHD) 
generators (Woodside et al., 2012; Marzouk, 2018a). 

Conventional turbogenerator-based electricity 
generation technologies are currently the dominant 
type of electricity generation in the global power 
sector and are expected to remain as such in the near 
future. However, non-conventional methods of 
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electricity generation may become gradually more 
exploited given some advantages they offer, such as 
reduced harmful emissions, modularity, or 
portability (Zhan et al., 2023). 

The current study focuses on plasma-based MHD 
power plants as a concept for generating direct-
current (DC) electricity without moving parts. In the 
MHD generator, the conductor that is subject to a 
magnetic field is not a solid coil, but a gaseous 
medium consisting of an electrically conducting gas 
(plasma). The electric conductivity of a neutral gas 
can be achieved by seeding an alkali metal vapor, 
such as cesium (Cs, atomic number 55) or potassium 
(K, atomic number 19) with a small fraction, such as 
only 1% by mole. These metal elements have 
relatively low ionization energies, such as 3.894 eV 
for cesium, which is the element having the smallest 
ionization energy, and 4.341 eV for potassium, which 
is the element having the fourth smallest ionization 
energy (NCBI, 2023). The ionization of the seeded 
metal as well as any minor ionization of the original 
gases in the plasma occurs at elevated temperatures 
(Zhou et al., 2023). Alternatively, an electrically 
conducting liquid metal may be used as a working 
medium, and in that case seeding is not necessary 
(Cheng et al., 2022). There are different proposed 
designs for MHD power generation, such as the open 
loop or linear channel category (Bera et al., 2022) 
versus the closed-loop or disc category (Okamura et 
al., 1985; Okunoa et al., 1999). 

The idea of MHD plasma power generation is not 
new and has been studied experimentally, 
analytically, or computationally for years (Blackman 
et al., 1961; Wright, 1963; Jones, 1985; Rosa et al., 
1991; Borghi et al., 1992; Davidson, 2001; 
Panchenko, 2002; Kayukawa, 2004; Ishikwa et al., 
2007; Sarkar, 2017). Despite this, the concept of 
plasma power plant has not been used practically at 
commercial levels because economically it is not 
favorable compared to other technologies of power 
plants that have comparable efficiency but with less 
initial and operational cost, such as combined cycle 
gas turbines (CCGT) power plants, whose LHV 
(lower heating value) efficiency can reach nearly 
50% (Takeishi and Krewinkel, 2023). However, 
plasma generators still have advantages such as the 
lack of moving parts, and the potential of reducing 
particulate matter (PM), sulfur dioxide (SO2), and 
nitrogen oxides (NOx) compared to a coal power 
plant with air-firing.  

Similar to turbogenerators, which can operate 
reversely as electric motors; plasma generators can 
also operate in a reverse mode as 
magnetoplasmadynamic (MPD) thrusters or MHD 
thrusters for propulsion. In this case, the electrically 
conducting fluid is accelerated under the influence of 
an applied magnetic field as well as an applied 
electric field, due to the Lorentz force effect (Cébron 
et al., 2017; Chen et al., 2022; Zhao et al., 2022; 
Everett and Ryan, 2023). 

Because MHD channels operate at very high 
temperatures with a peak temperature near 3000 K, 
their exhaust gases can be as hot as an air-fuel flame, 

with temperatures around 2300 K. Therefore, it is 
not feasible to operate these generator channels as a 
standalone power plant because of the excessive 
waste heat released in the exhaust gas. Instead, such 
channels should be used within an “MHD system”, 
which is a combined-cycle power plant with two 
related power cycles. The higher-temperature cycle 
(or the topping cycle) is the plasma generator. Its hot 
exhaust gas is used as an input heat source to a 
lower-temperature cycle (or the bottoming cycle), 
which can be a conventional steam power plant with 
turbogenerators driven by steam turbines according 
to a Rankine power cycle (Marzouk, 2023), or a 
conventional gas-fired power plant with 
turbogenerators driven by gas turbines according to 
a Brayton power cycle (Esmaeilzadehazimi et al., 
2019). 

This paper considers the analysis of the working 
of the plasma generator (MHD generator) as a DC 
power plant. This analysis is conducted under 4 
levels of approximations. First, the three-
dimensional equations are provided, where the 
plasma velocity vector, the current density vector, 
and the electric field vector are three-dimensional. 
Second, a reduced version is presented when the 
applied external magnetic field is one-dimensional 
(perpendicular to the longitudinal direction of the 
bulk motion of the plasma). Third, the electric 
current density is assumed to be two-dimensional, 
and the electric field is assumed to be one-
dimensional. This corresponds to a particular design 
of plasma generators, which is the linear rectangular 
Faraday type (having two continuous electrodes at 
opposite sides, one cathode and one anode) and a 
rectangular channel (having a uniform distance 
between the two electrodes). In addition, a constant 
voltage is assigned at each electrode. When viewed 
from the side, the channel would have a rectangular 
layout with the two electrodes forming the upper 
and lower edges. This specific design has the feature 
that the electrodes are parallel, and thus the electric 
field vectors within the plasma are parallel also, but 
perpendicular to the electrodes. The longitudinal 
direction (along the channel) is the direction of the 
bulk motion of the plasma (the ionized gas), which 
when flows perpendicular to the applied magnetic 
field, an electric field is induced. A resultant electric 
current density occurs within the plasma, which can 
be collected at the electrodes to supply electric 
current to an external electric load. Fourth, the 
simplest version of the analysis is derived for the 
case where the current density vector is also treated 
as a one-dimensional quantity. Thus, all involved 
vector fields in the MHD problem become one-
dimensional, which enables writing an analytical 
expression for the maximum electric power output 
per unit volume of the channel, at recommended 
operating conditions. This is viewed as a theoretical 
upper limit for the multi-dimensional configurations. 
The present work is limited to the plasma 
electromagnetic behavior within the MHD channel. 
The electric characteristics of the plasma are no 
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longer relevant after leaving the channel as an 
exhaust gas. 

The usefulness of the present paper can be 
manifested through the explanation of the 
uncommon concept of combined-cycle MHD systems, 
as well as the use of original sketches to explain the 
operation of MHD channels for the purpose of 
electricity generation. The careful arrangement of 
the plasma models covered here allows the reader to 
understand involved assumptions at each level, as 
well as to recognize how a particular model is 
related to a higher (more complex) one or to a lower 
(more simplified) one. A quantitative example is also 
provided to quantify the potential superiority of 
MHD channels as sources of electric power. 

2. MHD system  

Fig. 1 illustrates a typical MHD system. 
Combustion takes place in the topping cycle only. 
The oxidizer can be either air in the case of 
conventional air-combustion, or oxygen separated 
from air through an air separation unit (ASU) for 
higher-temperature oxy-combustion. The seed 
material added to the plasma before it enters the 
MHD channel is recovered after the plasma exits the 
channel so that this material can be reused. The 
topping cycle (plasma generator) has 5 or 6 main 
components, as follows: 

 
1. Compressor (to increase the pressure and density 

of the oxidizer) 
2. Preheater for the oxidizer (optional component, 

useful in the case of air-combustion to increase the 
plasma temperature, but not necessary for oxy-
combustion because the flame and combustion 

products already have an elevated temperature 
compared to air-combustion) 

3. Combustor 
4. Supersonic nozzle (such that the produced plasma 

gas is accelerated to a supersonic speed, exceeding 
the local speed of sound) 

5. MHD channel 
6. Supersonic diffuser (to decelerate the supersonic 

plasma leaving the supersonic MHD channel, from 
a higher speed exceeding the speed of sound to a 
lower speed below the speed of sound).  

 
If the bottoming cycle represents a steam power 

plant, it consists of 5 main components, as follows: 
 

1. Heat recovery steam generator (HRSG), which 
utilizes part of the heat in the hot plasma gas 
leaving the topping cycle to convert water into hot 
steam 

2. Water pump 
3. Steam turbine 
4. Condenser (which converts the vapor steam into 

liquid water for reuse in a closed water loop) 
5. Turbogenerator (driven by the steam turbine) 

 
The electric power output from the plasma 

generator is in a direct-current (DC) form, with a 
fixed positive and negative polarity. This requires an 
auxiliary inverter to convert it into a sinusoidal 
alternating-current (AC) form. Another AC electric 
output comes from the bottoming cycle. The 
turbogenerator of the bottoming cycle does not need 
an inverter because it is able to naturally produce an 
AC electric waveform. 

 

 
Fig. 1: Components of a typical MHD system with a bottoming steam power cycle 
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3. Plasma channel  

Fig. 2 illustrates the elements of a typical 
rectangular MHD channel. The axes are chosen such 
that the x-axis is aligned with the bulk velocity of the 
plasma gas along the channel, while the y-axis is 

perpendicular to the surfaces of the two parallel 
electrode plates, and the z-axis is the direction of the 
applied external magnetic field (pointing from a 
north magnetic pole to a south magnetic pole). 

 

 
Fig. 2: Geometry of a rectangular MHD channel 

 

4. General three-dimensional plasma equations 

4.1. Generalized Ohm’s law with three-
dimensional magnetic field 

In this subsection, all vector fields are treated as 
three-dimensional vectors, even the magnetic flux 

density vector field 𝑩⃗⃗  (Messerle, 1995). This leads to 
the most general form of plasma electromagnetic 
equations These are considered a starting point, 
from which reduced simpler versions are to be 
derived for specific cases later in the current study.  

The resultant electric field seen by the plasma 
(hence the subscript “P”) is: 

 
𝑬𝑷
⃗⃗⃗⃗  ⃗ = 𝑬𝑳

⃗⃗ ⃗⃗  + 𝑬𝑺
⃗⃗ ⃗⃗                       (1) 

 

where, 𝑬𝑳
⃗⃗ ⃗⃗   is an electric field vector caused by the 

difference in voltage of the two electrodes that are 
possibly connected to a powered external electric 
load (hence the subscript “L”) and the induced 

electric field 𝑬𝑺
⃗⃗ ⃗⃗   acts as an electric field source (hence 

the subscript “S”), analogous to a voltage-source 
battery in traditional DC circuits (but here we speak 
of an electric field vector, rather than a scalar voltage 
quantity). This produced electric field vector is 
established due to the electromagnetic induction 
effect for the moving plasma gas as it is influenced by 

the applied magnetic flux density field 𝑩⃗⃗ . This 
induced electric field is related to the plasma velocity 

vector 𝒖⃗⃗  and the magnetic flux density vector 𝑩⃗⃗  as 
 

𝑬𝑺
⃗⃗ ⃗⃗  = 𝒖⃗⃗ × 𝑩⃗⃗                      (2) 

 
substituting Eq. 2 into Eq. 1 gives:  

 
𝐄𝐏
⃗⃗ ⃗⃗  = 𝐄𝐋

⃗⃗⃗⃗ + 𝐮⃗⃗ × 𝐁⃗⃗                      (3) 

An electron drift velocity vector is caused by the 
electron mobility of the electrons as they are 
influenced by the above plasma-seen electric field as 
well as by the applied magnetic field. This electron 
drift velocity vector is: 

 

𝒅⃗⃗ = −μ (𝑬𝑷
⃗⃗⃗⃗  ⃗ + 𝒅⃗⃗ × 𝑩⃗⃗ )                     (4) 

 
In the above equation, the minus sign is inserted 

because the electrons have a negative charge. 
Theoretically, there is also another drift for ions, but 
this is reasonably neglected because of the much 
larger mass of ions compared to electrons, making 
ions relatively immobile. Multiplying the above 
equation by (–n e) gives: 

 

−n e 𝒅⃗⃗ = n e μ  (𝑬𝑷
⃗⃗⃗⃗  ⃗ + 𝒅⃗⃗ × 𝑩⃗⃗ ).                    (5) 

 
But 
 

−n e 𝒅⃗⃗ = 𝑱                       (6) 

 
and 

 
n e μ = 𝜎.                      (7) 

 
Thus, using Eqs. 6 and 7 into Eq. 5 gives: 
 

𝑱 = 𝜎 (𝑬𝑷
⃗⃗⃗⃗  ⃗ + 𝒅⃗⃗ × 𝑩⃗⃗ ).                     (8) 

 
Expanding the brackets gives: 
 

𝑱 = 𝜎 𝑬𝑷
⃗⃗⃗⃗  ⃗ + 𝜎 𝒅⃗⃗ × 𝑩⃗⃗ .                     (9) 

 
Using Eq. 7, the second term on the right-hand 

side of the above equation can be rewritten as: 
 

𝜎 𝒅⃗⃗ × 𝑩⃗⃗ = μ n e 𝒅⃗⃗ × 𝑩.⃗⃗  ⃗                  (10) 



Osama A. Marzouk/International Journal of Advanced and Applied Sciences, 10(11) 2023, Pages: 96-108 

100 
 

Using Eq. 6, the above equation can be rewritten 

such that the current density vector 𝑱  appears 

instead of electron drift velocity vector 𝒅⃗⃗ . Thus: 
 

𝜎 𝒅⃗⃗ × 𝑩⃗⃗ = 𝜇 𝑛 𝑒
𝑱 

−𝑛 𝑒
× 𝑩.⃗⃗  ⃗                  (11) 

 
This can be simplified to: 
 

𝜎 𝒅⃗⃗ × 𝑩⃗⃗ = −μ 𝑱 × 𝑩⃗⃗ .                  (12) 

 
Therefore, the above Eq. allows rewriting Eq. 9 

as: 
 

𝑱 = 𝜎 𝑬𝑷
⃗⃗⃗⃗  ⃗ − μ 𝑱 × 𝑩⃗⃗                   (13) 

 
The above vectorial equation is a generalized (or 

extended) version of Ohm’s law, applicable to a 
three-dimensional conductor media, in contrast with 
the classical scalar Ohm’s law that is related to solid 
one-dimensional conducting wires. The particular 
form of the generalized Ohm’s law in Eq. 13 utilizes 
the mobility in the second term of its right-hand side.  

The electron mobility and the magnitude of the 
magnetic flux density are related through the Hall 
parameter β as: 

 
β = μ B.                    (14) 

 
Therefore 
 

μ =
β

B
.                    (15) 

 
Therefore, Eq. 13 can be rewritten as: 
 

𝑱 = 𝜎 𝑬𝑷
⃗⃗⃗⃗  ⃗ − β 𝑱 ×

𝑩⃗⃗ 

𝐵
.                  (16) 

 

The quantity 𝑩⃗⃗ B⁄  is a unit vector in the direction 
of the magnetic flux density field. Eq. 16 is another 
form of the generalized Ohm’s law, which utilizes the 
Hall parameter (instead of the electron mobility) in 
the second term of its right-hand side. 

4.2. Generalized Ohm’s law with one-dimensional 
magnetic field  

In this subsection and in the rest of the analysis 
covered in this paper, a modeling simplification is 
made, which is treating the magnetic flux density 

field 𝑩⃗⃗  as a one-dimensional vector, pointing in the 
positive z-axis. It should be noted that this magnetic 
field is not influenced by the plasma, but is 
independently controllable. Thus, this simplification 
is acceptable, and having a magnetic field with 
parallel magnetic field lines in one direction is 
possible (Markoulakis et al., 2022). 

With this simplification, the quantity 𝑩⃗⃗ B⁄  
becomes a unit vector in the positive z-axis, which is 

denoted here by 𝒌̂. Thus, Eq. 16 can be simplified to:  
 

𝑱 = 𝜎 𝑬𝑷
⃗⃗⃗⃗  ⃗ − β 𝑱 × 𝒌̂.                  (17) 

The above expression is an implicit equation in 

the electric current density vector 𝑱 , which appears 
on both the left-hand side and the right-hand side. 

For a general three-dimensional electric current 

density vector 𝑱 : (Jx, Jy, Jz), and a general three-

dimensional plasma-seen electric field vector 

𝑬𝑷
⃗⃗⃗⃗  ⃗: (Ex, Ey, Ez), the 3 scalar components of the vector 

Eq. 17 are: 
 

Jx = 𝜎 Ex − β Jy                 (18a) 

Jy = 𝜎 Ey + β Jx                 (18b) 

Jz = 𝜎 Ez                 (18c) 

 
Eq. 18c is in an explicit uncoupled form with 

respect to Jz, while Eqs. 18a and 18b represent a 
coupled implicit system of equations in Jx and Jy. 
Through mathematical manipulation, it is possible to 
rewrite Eqs. 18a and 18b in an explicit uncoupled 
form for Jx and Jy, where each component of the 
electric current density has an explicit dependence 
on the x-component and the y-component of the 
electric field vector, as well as on the Hall parameter 
and on the electric conductivity of the plasma. The 
uncoupled version is: 

 
Jx =

𝜎

1+β2  (Ex − β Ey)                (19a) 

Jy =
𝜎

1+β2  (Ey + β Ex).                (19b) 

 
For a general three-dimensional load-electrodes 

electric field vector 𝑬𝑳
⃗⃗ ⃗⃗  : (ELx, ELy, ELz), and a general 

three-dimensional plasma gas velocity vector 
𝒖⃗⃗ : (u, v, w), the 3 scalar components of the vector Eq. 
3 become:  

 
Ex = ELx + v B                 (20a) 
Ey = ELy − u B                 (20b) 

Ez = ELz.                 (20c) 
 

The third component of the plasma velocity (z-
axis component, w) does not appear in the above Eqs 
20a, 20b, and 20c, because even when this velocity 
component is not zero, it is not influenced by the 
magnetic field parallel to it (both being parallel to 
the z-axis). 

Combining Eqs 20a, 20b, and 20c with Eqs 19a, 
19b, and 18c gives the following 3 uncoupled explicit 
equations for the 3 components of the electric 
current density (expressed in terms of the 
components of the load-electrodes electric field 
vector, the components of the plasma velocity vector, 
the Hall parameter, and the electric conductivity): 

 
Jx =

𝜎

1+β2  (ELx + v B − β ELy + β u B)              (21a) 

Jy =
𝜎

1+β2  (ELy − u B + β ELx + β v B)              (21b) 

Jz = 𝜎 ELz                 (21c) 

 
The only 2 assumptions implied in the above 3 

equations are (1) neglecting the ion drift, and (2) the 
treatment of the magnetic field as a purely one-
dimensional vector.  



Osama A. Marzouk/International Journal of Advanced and Applied Sciences, 10(11) 2023, Pages: 96-108 

101 
 

5. Reduced plasma equations for a rectangular 
channel with constant-voltage electrodes    

5.1. One-dimensional uniform electric fields 

In this subsection and in the rest of the analysis 
covered in this paper, the general mathematical 
description of the plasma electromagnetic behavior 
is customized to a special geometric case, where the 
electrodes are parallel horizontal surfaces, and each 
of them has a constant voltage. The externally 
applied magnetic field is still treated as one-
dimensional (in the positive z-axis).  

Under these conditions, the load-electrodes 
electric field vector becomes one-dimensional, with 
only one upward constant component in the positive 
y-axis (pointing from the lower positive cathode 
electrode having a higher voltage to the upper 
reference anode electrode having a lower voltage). 
Thus, this electric field vector has now only one non-

zero positive component, 𝑬𝑳
⃗⃗ ⃗⃗  : (0, EL, 0). Also, the 

source electric field vector (induced by the reaction 
of the moving plasma to the applied magnetic field) 
becomes one-dimensional, with only one downward 
constant component in the negative y-axis (pointing 
from the upper anode electrode to the lower positive 
cathode electrode). Thus, this electric field vector 
has now only one non-zero negative component, 

𝑬𝑺
⃗⃗ ⃗⃗  : (0, −ES, 0). Similarly, the electric field vector seen 
by the plasma becomes one-dimensional, with only 
one downward constant component in the negative 
y-axis. Thus, this electric field vector has now only 

one non-zero negative component, 𝑬𝑷
⃗⃗⃗⃗  ⃗: (0, −EP, 0). 

The scalar magnitudes of these three electric fields 
are related as: 

 
EP = ES − EL.                   (22) 

 
Because all the 3 magnitude values are non-

negative, the above equation implies that:  
 

ES ≥ EL                  (23a) 
ES ≥ EP.                                   (23b) 

 
With ELx = 0, ELz = 0, and ELy = EL; the reduced 

version of Eqs. 21a, 21b, and 21c due to the one-
dimensional electric fields becomes: 

 
Jx =

𝜎

1+β2  (v B − β EL + β u B)               (24a) 

Jy =
𝜎

1+β2  (EL − u B + β v B)               (24b) 

Jz = 0.                 (24c) 

 
From Eq. 20a, in order to have a zero value for the 

x-component of both the plasma-seen electric field 
and the load-electrodes electric field (Ex and ELx), the 
plasma must have zero velocity component in the y-
axis. Thus, we must have: 

 
v = 0.                                     (25) 

 
Applying this condition to Eqs. 24a and 24b gives: 
 

Jx =
𝜎

1+β2
 (−β EL + β u B) =

𝜎

1+β2
 β (u B − EL)              (26a) 

Jy =
𝜎

1+β2
 (EL − u B) = −

𝜎

1+β2
 (u B − EL)              (26b) 

|Jy| =
𝜎

1+β2
 (u B − EL)                (26c) 

 

where, |Jy| is the magnitude of the Jy current density 

component (which is a negative quantity). In the 
above equations, Jx has a positive value (thus, 
pointing in the positive x-axis direction, which is the 
direction of longitudinal plasma travel). The current 
density component Jy has a negative value (thus, 
pointing downward in the negative y-axis direction, 
from the upper anode electrode to the lower positive 
cathode electrode). The current density component 
Jx is called “Hall current density.” It vanishes if the 
Hall parameter β is 0. This horizontal (x-component) 
of the current density is considered a lost 
uncollected flow of electrons because they do not 
reach the electrodes in order to pass to the external 
electric load. On the other hand, Jy is perpendicular 
to the electrodes’ surfaces, and it is thus the useful 
component of the current density vector because it is 
collected and utilized to power the external electric 
load. This component is called “Faraday current 
density”, and it is independent of the Hall parameter. 
The examined design of the MHD channel in the 
present subsection with continuous opposite 
electrodes is called a “Faraday channel.” In this 
Faraday form of the MHD generators, the useful 
Faraday current density is aimed to be maximized, 
while the loss Hall current density is aimed to be 
minimized. Thus, a lower Hall parameter is preferred 
in this design. It should be noted that Faraday 
channels may have slightly oblique opposite 
electrodes (instead of being parallel), making the 
channel divergent such that its cross-section area 
increases as the plasma moves through the channel. 
In supersonic plasma flows, this divergence causes 
the plasma to accelerate (its velocity magnitude 
increases). 

5.2. Load factor 

A non-dimensional scalar load factor KL can be 
introduced when the electric fields are uniform and 
one-dimensional. It is expressed as the ratio of two 
electric field magnitudes, EL and ES: 

 
KL =  EL ES⁄                    (27) 

 
thus 

 
EL =  KL ES                   (28) 

 
where, from Eqs. 2 and 25 and with one-dimensional 

magnetic flux density 𝑩⃗⃗ : (0, 0, B), we have: 
 

ES =  u B                                    (29) 

 
using Eq. 29 into Eq. 28 gives: 

 
EL =  KL u B.                   (30) 
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The value of KL varies from a minimum of 0 and a 
maximum of 1. The minimum value of 0 indicates 
zero voltage difference across the external electric 
load, thus indicating a short-circuited load (zero-
resistance load). The maximum value of 1 indicates 
an equal voltage difference across the external 
electric load and induced source voltage difference. 
As in electric batteries, this situation means a 
disconnected external electric load (open circuit 
condition or infinite-resistance load). 
Mathematically, one can write  

 
0 (short circuit) ≤  KL ≤ 1 (open circuit).                (31) 

 
If the plasma gas between the electrodes is 

treated as a lumped internal resistor with an 
equivalent resistance RP, while the external load has 
a controllable resistance of RL, then the load factor 
can be also interpreted in terms of these two 
resistance values as: 

 
KL =  RL (RL + RP).⁄                   (32) 

 
When the load factor is used in Eqs. 26a and 26c 

through replacing EL by (KL u B) as in Eq. 30, we get: 
 

Jx =
𝜎

1+β2
 β u B (1 − KL)                (33a) 

|Jy| =
𝜎

1+β2
 u B (1 − KL)                (33b) 

Jx = β |Jy|                (33c) 

 
All the individual quantities in the above Eqs. 33a, 

33b, and 33c are non-negative. Eq. 33c gives another 
definition or interpretation for the Hall parameter, 
being the ratio of the Hall current density to the 
magnitude of the Faraday current density (when the 
current density is driven solely by a scalar plasma 
velocity and a scalar applied magnetic field). 

Fig. 3 provides a sketch for the configuration of 
the rectangular MHD channel with constant-voltage 
electrodes (and a one-dimensional applied magnetic 
field). The electric fields are aligned with the y-axis, 
the plasma velocity does not have a vertical 
component (parallel to the y-axis), and there are 

both Faraday and Hall components of the current 
density vector. Fig. 3 also illustrates the isopotential 
lines (lines of constant voltage) in this configuration, 
which are parallel to the electrodes. If the upper 
anode electrode is arbitrarily assigned a reference 
zero voltage (ϕA = 0), then the lower positive 
cathode electrode should have a voltage ϕC that is 
equal to the height h of the channel times the load-
electrodes electric field. Thus: 

  
ϕC = ELh                    (34) 

 
therefore, the constant upward electric field seen by 
the plasma gas is: 

 
EL = ϕC h⁄                     (35) 

 
more generally, if the upper anode is assigned a non-
zero voltage value, we then have: 

 
EL = (ϕC − ϕA) h⁄  .                  (36) 

 
The voltage (potential) varies linearly from its 

minimum value at the upper reference anode 
electrode to its maximum value at the lower positive 
cathode electrode.  

If the magnitude of the inclination angle of the 
current density vector measured from the vertical 
line is θJ, then:  

 
θJ = tan−1(Jx |Jy|⁄ )                   (37) 

 
comparing Eq. 37 to Eq. 33c, it becomes clear that 
the current density angle is a function of the Hall 
parameter.  

 
θJ = tan−1(β)                    (38) 

 
For a large Hall parameter, the current density 

vector becomes more inclined horizontally. This is 
disadvantageous in the Faraday design of the MHD 
channel, due to the larger lost (unexploited) 
component of the current density vector.  

 
Fig. 3: Representation of a rectangular MHD channel with one-dimensional uniform electric fields, and a two-dimensional 

current density 
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6. Limiting case for Faraday channels (Zero hall 
parameter) 

6.1. Implications of a zero hall parameter 

From Eq. 14, which states that β = μ B, it is 
practically unavoidable to have a non-zero Hall 
parameter in a Faraday-type plasma generator. This 
is because in order to completely eliminate the Hall 
parameter (β = 0), either the applied magnetic field 
itself must be zero (which is a trivial condition 
because then no electric fields or current density 
fields are induced), or the electron mobility must be 
zero (corresponding to infinitely-many electron 
collisions, which is also a trivial condition because 
electrons should be mobile as the charge carriers). 
Despite this, the present subsection and the rest of 
the analysis covered in this paper address the 
hypothetical case of a Faraday MHD channel with 
two parallel continuous electrodes, each having a 
constant voltage, and with vertical current density. 
Thus, the Hall current density is neglected, and the 

conventional (positive-charge-based) current 
density is assumed to be totally vertical, traversing 
from the upper anode electrode to the lower positive 
cathode electrode within the plasma. 

Fig. 4 is a graphical representation of this 
idealized case. It is similar to the configuration 
discussed in the previous section (5. Reduced Plasma 
equations for a Rectangular Channel with Constant-
Voltage Electrodes), except that now the electric 
current density is totally vertical (totally consists of a 
Faraday component, no Hall component). A 
demonstrative example with the electrode voltages 
assigned arbitrary values is shown in Fig. 4, and the 
equipotential lines are also given, with the cathode 
voltage (potential) being assigned the value of (ϕC = 
20 V) relative to the anode voltage. In this 
hypothetical example, if the spacing between the 
electrodes is 0.5 m, then the uniform vertical load-
electrodes electric field is:  

 
EL =  ϕC ÷  h =  20 V ÷  0.5 m =  40 V/m. 

 

 
Fig. 4: Representation of a rectangular MHD channel with a purely-vertical current density 

 

6.2. Electric current density equations 

Setting β = 0 in Eqs. 33a, 33b, and 38 gives the 
following characteristic equations governing the 
current density in the present limiting case: 

 
Jx = 0  (39a) 

|Jy| = 𝜎 u B (1 − KL)                (39b) 

θJ = 0   (39c) 

6.3. Optimum power density equation 

If the plasma-facing surface area of the cathode 
electrode (where the conventional current density is 
collected from the plasma to be supplied as an 
electric current to an external electric load through a 
traditional wire) is denoted by S, and it is equal to 
the plasma-facing surface area of the anode 
electrode, then the electric current passing through 
the external load is: 

  

IL = S |Jy|.                   (40) 

 
Using Eq. 39b into Eq. 40, the load current can be 

related to the plasma properties (σ and u), the 
applied magnetic flux density B, and the load factor 
KL as:  

 
IL = S 𝜎 u B (1 − KL).                  (41) 

 
The voltage drop VL across the external load is 

also the potential difference between the cathode 
and the anode, which can be related to the uniform 
load-electrodes electric field using Eq. 36, which 
leads to: 

 
VL = ϕC − ϕA = EL h.                 (42) 

 
When Eq. 30, EL = KL u B, is used in the above 

expression, the load voltage drop can be expressed 
in terms of the magnitude of the plasma velocity 
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(scalar plasma speed), the magnitude of the applied 
magnetic flux density, and the load factor as: 

 
VL = kLu B h                  (43) 

 
the above equation can be rewritten as:  

 
VL = kLVOC                                  (44a) 
VOC = u B h                                 (44b) 

 
where, VOC is the open-circuit voltage, or the 
maximum (without any load connected) voltage 
difference between the two electrodes (the positive-
voltage cathode and the reference-voltage anode) 
that the plasma generator can provide as a battery-
like voltage source. As in traditional electric circuits 
analysis, the DC power (PL) delivered to the load is 
the product of the electric current passing through it 
and the voltage drop across it. Thus: 

 
PL = VL IL                                   (45) 

 
using Eqs. 41 and 43 in the above equation gives: 

 
PL = [kLu B h] [S 𝜎 u B (1 − KL)] = (h S)𝜎 u2 B2 [KL (1 −
KL)].                   (46) 

 
However, the product (h S) is the volume (Ṽ) of 

the plasma gas inside the Faraday MHD channel (the 
space confined between the upper and lower 
electrodes and the front and back electrically-
insulated walls). Thus: 

 
PL = Ṽ 𝜎 u2 B2 [KL (1 − KL)]                (47) 

 
The above electric power output expression in 

Eq. 47 reveals a quadratic dependence of the electric 
power output on the plasma speed as well as on the 
applied magnetic flux density. Thus, these two 
quantities have a more important role in the 

extracted electric power compared to the plasma 
electric conductivity and the channel volume, which 
affect the electric output power linearly. 

The electric power output per unit volume of 
plasma (the volumetric power density or PLV), is 
obtained after dividing the electric DC power 
delivered to the load by the channel volume. This 
gives: 

 
PLV = 𝜎 u2 B2 [KL (1 − KL)].                (48) 

 
If the baseline quantity (σ u2 B2) in Eq. 48 is 

treated as a constant within the MHD channel, then 
the volumetric power density becomes a function of 
the load factor alone, through the multiplier: KL (1 – 
KL). Fig. 5 shows how this multiplier varies as the 
load factor KL changes from its minimum (KL = 0, 
shorted load) to its maximum (KL = 1, disconnected 
load). It can also be shown mathematically or 
graphically that this multiplier has a single maximum 
at KL = 0.5, at which it takes the peak value of 0.25. 
Thus, the electric DC power to the load is maximized 
when the load resistance is matched with the 
equivalent internal resistance of the plasma gas. This 
means that the induced electric voltage magnitude (u 
B h) is equally distributed as an internal voltage drop 
(0.5 u B h) across the plasma and an external voltage 
drop (0.5 u B h) across the load. This particular load 
value (the matched load value) is the optimum for 
the best utilization of the plasma generator as a 
powering source. 

Therefore, the maximum matched-load power 
output from the Faraday-type rectangular MHD 
channel having constant properties (electric 
conductivity, plasma speed, and magnetic flux 
density) with an idealized operation by neglecting 
the Hall parameter (assumed to be zero) is:  

 
PLV,opt = 0.25 𝜎 u2 B2                 (49) 

 

 
Fig. 5: Variation of [KL (1 – KL)] with the load factor KL, for the entire range of KL (from 0 to 1) 
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6.4. Estimated ideal volumetric power density  

The final part of this study in the present 
subsection is making a suitable numerical estimation 
of the above-described optimum volumetric power 
density for a rectangular constant-voltage Faraday 
MHD channel. This requires selecting typical values 
for the 3 quantities that appear on the right-hand 
side of Eq. 49; namely σ, u, and B. 

For the plasma electric conductivity σ, a value of 
20 S/m is selected here (Sawhney and Verma, 1990; 
Mikheev et al., 2006; Pavshuk and Panchenko, 2008). 
It should be noted that this particular plasma 
property can vary largely depending on the 
temperature, seed type, and seed amount.  

For the plasma streamwise speed u, a broad 
range is possible. A mild supersonic speed is 
considered here. Subsonic speeds are also permitted 
(Mcclaine et al., 1985; Aithal, 2009), but the higher 
supersonic speeds allow much more electric outputs. 
It is common to relate such a high gas speed to the 
local seed of sound through the Mach number M, as 
(NTRS, 1953): 

 
M = u a⁄                                     (50) 

 
Supersonic fluid speeds have M > 1, while 

subsonic fluid speeds have M < 1. The speed of sound 
can be computed from the absolute temperature T, 
the specific gas constant R, and the specific heat ratio 
γ as (Leishman, 2023): 

 
a = √γ R T                                   (51) 

 
While air and other diatomic gases have a specific 

heat ratio near 1.4 at room temperatures (Seibert 
and Nieh, 2016), this quantity drops for triatomic 
gases (Jost, 1996) and also drops at elevated 
temperatures (Ceviz and Kaymaz, 2005). Assuming a 
plasma temperature of 2800 K that consists mainly 
of carbon dioxide and hot water vapor (steam), a 
good specific heat ratio would then be approximately 
1.17 (Marzouk, 2018b). 

The specific gas constant for carbon dioxide is 
188.9 J/kg.K, while the specific gas constant for 
water vapor is 461.5 J/kg.K (Wong and Segall, 2020). 
Assuming a plasma gas consisting of equal mole 
fractions (equal volumes) of these two common 
combustion-product gases (the seed is neglected 
because it is a minor component), it can be shown 
that the specific gas constant R of that selected 
mixture is the harmonic mean of the individual 
specific gas constants, RCO2 and RH2O (Kuo, 2005). 
This is computed as: 

 
R = 2 RCO2RH2O (RCO2 + RH2O)⁄                 (52) 

 
which gives R = 268.1 J/kg.K. Therefore, Eq. 51 gives 
an estimated sonic speed of 937.2 m/s within the 
plasma at 2800 K. Selecting a suitable plasma Mach 
number near 2.134 (Aithal, 2008; Pengyu et al., 
2016), the estimated supersonic plasma speed 
becomes 2000 m/s. 

For the magnetic flux density B, a field strength of 
5 T is selected here (Murray et al., 2003; Macheret et 
al., 2004). With this, Eq. 49 gives an estimated 
optimum ideal volumetric power output of 
PLV=0.5109 W/m3 (0.5 GW/m3 or 500 MW/m3). 
This is a very high power density compared to 
conventional heat engines (Khazin et al., 2019), 
reflecting extremely intense utilization of volume. 
For example, if a target power output of 1 GW (1000 
MW) is sought, which is typical of commercial power 
plants, then a channel volume of only Ṽ1GW=2 m3 is 
needed. In a previous study (Marzouk, 2017), a 
volumetric power density was estimated as 194 
MW/m3, but with an estimated plasma speed of 
1200 m/s, a plasma conductivity of 15 S/m, and a 
magnetic field strength of 6 T. That benchmarking 
case is consistent with the analysis provided here, 
where Eq. 49 gives an estimated volumetric power 
density of 194.4 MW/m3 with these published 
parameters. In another preliminary experimental 
investigation (Li et al., 2011), a much smaller 
volumetric power density of 4.7971 MW/m3 was 
reported. That estimate corresponds to a plasma 
speed of 1959 m/s (close to the value adopted here), 
and an electric conductivity of 20 S/m (identical to 
the value adopted here). However, the magnetic flux 
density was only 0.5 T. With these published 
conditions, Eq. 49 gives a power density value of 
4.7971 MW/m3, which is the same as the reported 
value, and this additional benchmarking case further 
supports the validity of the analysis presented here. 
Table 1 summarizes the parameters adopted in the 
preceding power estimation. 

 
Table 1: Power output estimation for an idealized MHD 

channel (Faraday type) with constant properties 
Quantity Selected or computed Value Unit 

σ Selected 20 S/m 
T Selected 2800 K 
R Selected 268.1 J/kg.K 
γ Selected 1.17 - 
a Computed 937.2 m/s 
M Selected 2.134 - 
u Computed 2000 m/s 
B Selected 5 T 

PLV Computed 500 MW/m3 
Ṽ1GW Computed 2 m3 

7. Conclusion 

In this paper, the mathematical description was 
presented for the electric current density field and 
the electric field within a moving plasma (seeded 
ionized gas) inside a channel for the purpose of 
electric power extraction, due to the reaction of the 
electrically conducting ionized gas to an applied 
external magnetic field. The modeling was presented 
first for a general fully three-dimensional problem 
that is not tied to a particular channel geometry, and 
then for a still-general geometry-independent 
problem but under partial three-dimensionality after 
restricting the magnetic field to be one-dimensional. 
The MHD (magnetohydrodynamics) plasma problem 
modeling was then simplified more to the case 
where the fields are one-dimensional except for the 
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electric current density, under the geometric 
condition of parallel electrodes and the electric 
condition of constant-voltage electrodes. Finally, the 
limiting case of the zero Hall parameter (where all 
fields can be represented by constant scalars) was 
investigated, and the expression for the optimum 
volumetric electric power density was given. A 
quantitative estimate for this quantity was given and 
discussed.  

List of symbols 

a Speed of sound- SI unit: m/s 
B Magnitude of the external magnetic flux density 

field applied on plasma- SI unit: T (tesla) 

𝑩⃗⃗  Vector form of B- SI unit: T (tesla) 

𝒅⃗⃗  Mean drift velocity vector of electrons (average 
electrons velocity vector relative to their carrying 
medium)- SI unit: m/s 

EL Magnitude of the applied electric field on the 
plasma due to the voltage difference at the 
electrodes surrounding it. These electrodes are 
possibly connected to an external electric load.- SI 
unit: V/m 

𝑬𝑳
⃗⃗ ⃗⃗   Vector form of EL- SI unit: V/m 

EP Magnitude of the consumed electric field within the 
plasma due to its internal resistance for passing 
current density- SI unit: V/m 

𝑬𝑷
⃗⃗⃗⃗  ⃗ Vector form of EP- SI unit: V/m 

ES Magnitude of the source (induced) electric field 
consumed due to the motion of the plasma within 
an applied magnetic field- SI unit: V/m 

𝑬𝑺
⃗⃗ ⃗⃗   Vector form of ES- SI unit: V/m 

e Magnitude of the electron charge- SI unit: e = 
1.602176634 × 10−19 C (coulomb) (Gilbey, 2023) 

eV Electronvolt or electron-volt, a small unit of energy 
representing the required energy for moving a 
charge equal to 1 e across a potential difference of 
1 V - SI unit: eV = 1.602176634 × 10−19 J (joule) (Di 
Sia, 2021) 

J Magnitude of the current density in the plasma 
when it is assumed to be one-dimensional (in the 
negative y-axis)- SI unit: A/m2 

𝑱  Vector form of current density within the plasma- 
SI unit: A/m2 

J𝑥  Horizontal component (x-axis) of the current 
density vector within the plasma- SI unit: A/m2 

J𝑦  Vertical component (y-axis) of the current density 
vector within the plasma- SI unit: A/m2 

J𝑧 Outward component (z-axis) of the current density 
vector within the plasma- SI unit: A/m2 

h Height of the plasma channel (distance between the 
electrodes)- SI unit: m 

IL Electric current passing through the external 
electric load, assigned a conventional direction 
(from a positive terminal to a negative terminal). 
Thus, it is considered to flow from the positive 
cathode electrode to the negative/reference anode 
electrode through a solid conductor outside the 
plasma channel.- SI unit: A (ampere) 

KL Load factor, which is the ratio of load resistance 
across the external load to the sum of this external 
load resistance and the lumped internal resistance 
of the plasma. It is also the ratio of the magnitude of 
the applied electric field to the magnitude of the 
source electric field.- SI unit: no unit 

M Mach number - SI unit: no unit 
m Mass of electron- SI unit: m = 9.1093837 × 10−31 kg 

(Miyashita, 2023) 
PL Electric power delivered to the external electric 

load, which is a direct-current (DC) electric power 
consumption - SI unit: W (watt) 

PLV Volumetric power density, which is the electric 
power output to the load per unit volume of 
plasma, PLV = PL Ṽ⁄ - SI unit: W/m3 

PLV,opt Optimum volumetric power density (for a matched 
load)- SI unit: W/m3 

R Specific gas constant- SI unit: J/kg.K 
S Surface area of one face of the electrode plate- SI 

unit: m2 
T Absolute temperature- SI unit: K (kelvin) 
u Horizontal component (x-axis) of the velocity 

vector of the plasma gas- SI unit: m/s 
𝒖⃗⃗  Vector form of the velocity of the plasma- SI unit: 

m/s 
Ṽ Volume of the plasma channel- SI unit: m3 

Ṽ1GW Volume of the plasma channel for 1 GW electric 
power output - SI unit: m3 

VOC Open-circuit voltage- SI unit: V (volt) 
VL Voltage drop across the external electric load  SI 

unit: V (volt) 
v Vertical component (y-axis) of the velocity vector of 

the plasma gas- SI unit: m/s 
w Outward component (z-axis) of the velocity vector 

of the plasma gas- SI unit: m/s 
β Hall parameter, which is the ratio of the mean free 

path of electrons within the plasma to the radius of 
the circular motion of a moving electron subject to 
a magnetic field. It is also the product of the mean 
cyclotron angular frequency of electron and the 
mean free time between collisions of electron. It is 
also the ratio of the horizontal x-axis component of 
the current density vector (the Hall component) to 
the magnitude of the vertical y-axis component of 
the current density vector (the Faraday 
component).- SI unit: no unit 

γ Specific heat ratio (ratio of the specific heat at 
constant pressure to the specific heat at constant 
volume) - SI unit: no unit 

ϕ Potential (voltage); it is constant at each “virtual” 
isopotential line within the plasma- SI unit: V (volt) 

ϕA Potential (voltage) at the anode electrode (the 
negative/reference electrode in the case of MHD 
generators)- SI unit: V (volt) 

ϕC Potential (voltage) at the cathode electrode (the 
positive electrode in the case of MHD generators)- 
SI unit: V (volt) 

μ Electron mobility, which is the drift speed gained 
by an electron when it is placed in a unit electric 
field, μ = e τ m⁄ - SI unit: (m/s)/(V/m) or m2/s.V 

θJ Inclination angle of the electric current density 
vector, measured from the vertical (y-axis)- SI unit: 
radian 

σ Electric conductivity of the plasma gas- SI unit: S/m 
(siemens/m) or A/m.V 

τ Mean free time between collisions for an electron- 
SI unit: s (second) 
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