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Based on the Takagi-Sugeno (T-S) fuzzy model approach, this study discusses
the robust fault-tolerant tracking controller design for non-linear systems
affected by external disturbances, uncertainties, and actuator failures. In
contrast to existing results, this study assumes the actuator fault model
includes linear and nonlinear terms, and a state feedback controller is
designed to improve the tracking and stability of the system when actuators
fail. Using a non-quadratic Lyapunov function, new sufficient conditions for
L,-gain tracking performance analysis are derived to determine
simultaneously the minimal level of the L,-gain and controller gains. The
robustness of the proposed approach is also investigated. An illustration of
the theoretical developments is provided by a Duffing forced oscillation

LMI system.

© 2022 The Authors. Published by IASE. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Since a number of practical applications of
tracking control are very widespread, including
missile trajectory control, aircraft attitude control,
and robot tracking control, more and more attention
has been paid to this problem for the past few years.
As a potential research topic, tracking control is
generally considered more challenging than
stabilization (Chu and Li, 2019; Zhang et al., 2014;
Chang and Yen, 2005). Due to the fact that tracking
control requires the designed controller to guarantee
system stability, as well as drive the nonlinear
system’s state to pursue those of the reference
model.

Systems and control theory presents a number of
challenges involved in the design and analysis of
nonlinear systems. To cope with this class of
systems, fuzzy logic might come up with an
innovative solution for the design analysis and
control synthesis of various industrial plants.
Alternatively, Takagi-Sugeno (T-S) fuzzy models
exhibit an excellent ability to express nonlinear
systems through the combination of fuzzy logic and
linear control theories (Takagi and Sugeno, 1985;
Kchaou et al,, 2011; Latrach et al., 2015). Therefore,
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the application of the T-S fuzzy model greatly
expands the research field of nonlinear control
theory. As a result, a rich literature related to
controller design, filtering design, and stability
analysis on T-S has been published (Latrech et al,
2018; Kang and Lee, 2018; Shi et al., 2020; Makni et
al,, 2019; Tao et al., 2018; Kchaou et al., 2018). In the
quoted papers, the tracking control problem for T-S
fuzzy models has been tackled (Fu et al., 2022; Li et
al,, 2022; Zhang et al,, 2015; Gu et al,, 2017). Another
issue with feedback control is that, as industrial
engineering has progressed, many practical plants
have become highly complicated, and, in addition,
various environmental factors have become more
relevant, such as sudden changes in working
conditions, corroded internal components, and aged
sensors and actuators. Because actuator/sensor
failures can have a negative impact on system
performance, control communities are interested in
this control problem. The goal of this issue is to
introduce the concept of fault-tolerant control (FTC)
and fault diagnosis as critical approaches for
designing reliable controllers that are capable of
maintaining the critical functionality of systems
subject to problems and failures. Reviewing the
literature, many elegant reported results related to
this area have been proposed for different classes of
systems (Wang et al.,, 2018; Kchaou et al.,, 2021; Yan
et al, 2019). To mention a few, Kaviarasan et al.
(2016) developed a method for designing fault-
tolerant controllers for power systems subject to
random changes and actuator failures. The FTC
method for wind-diesel hybrid systems with time-
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varying bounded sensor faults was proposed by
Kamal et al. (2013). In Wang et al. (2015), the
reliable observer-based control problem for
discrete-time Takagi-Sugeno fuzzy systems with
time-varying delay and stochastic actuator faults was
formulated from the input-output approach.

The purpose of this paper is to discuss fault-
tolerant tracking control of T-S fuzzy systems. The
tracking control objective is to drive the states of the
T-S fuzzy system by means of a state feedback
controller so that it tracks a reference model as
closely as possible despite uncertainties, exogenous
disturbances, and actuator faults. This study is
motivated by some real-world usage cases. For
example, tracking control of Duffing oscillator
systems can be used in engineering for master-slave
synchronization, as well as in communication
systems using chaotic signals. The main
contributions of this paper are highlighted as
follows:

1. As an alternative to existing fuzzy trucking control
schemes (Gu et al,, 2017; Zhang et al,, 2015), this
study proposes a new model of the fault including
a nonlinear part for reliable tracking control of
fuzzy systems subject to exogenous disturbances
and nonlinear actuator failures.

2. In accordance with the non-quadratic Lyapunov
function, sufficient conditions are derived for the
L,-gain tracking performance analysis of the
resulting closed-loop system error.

3. The introduction of slack variables allows for the
simultaneous computation of the minimum L,-
gain tracking performance and the synthesis of the
controller gains.

Notations: The notations used in this paper are
standard, where X € R" is the set of n —dimensional
Euclidean space; X € R™™ is the set of n X m real
matrices; X >0 is the real symmetric positive
definite matrix; sym(X) stands for X + X7. It is noted
also X, = Yi_; pi, Xpp = Xi=1 Xy pipjXij, and X, =
Yi—1 PiX;, * denotes the term that is induced by
symmetry.

2. System description and problem formulation

In this paper, the class of non-linear systems
described by the following T-S fuzzy model is
considered:

Plant rule i: IF 8,(t) is M;; and --- 6,(t) is M, then,

x(8) = A(D)x(t) + Baw/ () + Byyw(t) m
where, 8(t) = [0,(t), 0,(t), ---65(t)] is the premise
variable, and Mij(i=1,--,r,j=1,-,s) are the
fuzzy sets. r denotes the index number of the fuzzy
rules. x(t) € R™ is the state vector, u/ (t) € R™ is the
control input vector, and w(t) € RY is exogenous
disturbance input taking value in L,. Matrices A;(t),
B,;, Bj;, define the ith local model, where A;(t) =
A; + AA;(t) is an uncertain matrix such that:
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DAy () = MiA(DN;, AT(HA(L) <R (2)
where, M; and N; are known matrices and A(t) is an
unknown time-varying matrix.

By using the inference method, the (T-S) fuzzy
system can be inferred as follows:

() = iy pi(0(O)}Ai(Ox(1) + Byu/ () + Buw(D)} (3)

0i(6(1)
PO = 57 ey
[T5=1 M;;(8)).

Thus, the normalized membership functions
satisfy that:

where, and

0:(6(8)) =

p@@E 11, ) p(6(E) = 1.
i=1

The objective of this study is to design a fuzzy
tracking controller to make the system states in Eq. 1
track those of the following reference model:
X (8) = Apxp () + By () (4)
where, x,.(t) represents the reference state, 4, is an
asymptotically stable matrix, r(t) is a bounded
reference input.

Let e(t) = x(t) — x,(t). Then the input signal is
generated by,

u(t) =

i=1 Pi(B(0)Kie(t) (%)

where, K; is the controller gain to be designed.
Assume that the actuator failure happens. The
following new actuator fault input model, which
involves linear and nonlinear terms, is used:

uf (t) = Qu(t) + p(u(t)) (6)

where, Q= diag(Q, Q;,-+,Qy), 0<Q; <1 stand
for the actuator fault matrix, and ¢(u(t)) is a
nonlinear vector function satisfying:

T ®)P(®)) < o’ul (OH Hu(t) (7)

where, H is a matrix with an appropriate dimension.

Remark: Two cases can be obtained according to
model (6):

1LIf Q =1, and ® =1, the actuator is working in
normal mode.

2If Q# 1, and ® # 1 the actuator is working in
failure mode.

From Eq. 8 and Eq. 5, the closed-loop system can
be written as:

é(t) = Xiz1 Xj=1 pi(0(0)p;(0(1))(A;;(D)e(t)

B2 ®p(u(t)) +v(1)),

where, A4;;(t) = A;(t) + B,;QK;, and v(t) = (4;(t) —
A)x,.(t) + Biw(t) — B,r(t).
Equivalently, one gets:

(8)
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é(t) = A,p(t)e(t) + By, ®p(u(t)) + v(t) (9)
The objective of this paper is to design a reliable
fuzzy controller (5) such that the closed-loop system
error in Eq. 8 is robustly stable and satisfying
following tracking performance,
Jy eT(®Qe®)dt < V(0) +y? [ vI(H)v(D)dt (10)
where, y >0 denotes the desired tracking
performance level, Q > 0 is the weighting matrix,
and V' (0) is the initial energy function.

3. Main results

This subsection focuses on the development of a
reliable control law such that the resulting closed-
loop system is stable with L,-gain performance. We
need the following lemma.

Lemma 1: The following inequality holds (Tuan et
al.,, 2001):

Yiz1 Y= min;Yi; <0 11
if

Y; <0, i=12-,r (12)
:—1Yii+YU+Yﬁ<0, j>i (13)

3.1. L,-gain tracking analysis and reliable

controller design
In this section, it assumed that A4; = 0.

Theorem 1: For given scalars ¢; <0, p; and pu,,
closed-loop system (8) is stable with L,-gain
performance v, if there exist matrices P; > 0, Z, G, Y;
and scalars &;; > 0 and y > 0 such that the following
LMIs hold for i,j,l = 1,2,---,7:

P+Z=0 (14)
<0, i=1,,7 (15)
2 . .
— Pl + P + @} <0, (%] (16)
where,
[ offt off &By® I ul(aHYj)T]
| cI)L'ij 0 0 U2 (UHY})Tl
o} = —eyl 0 0
* * -y 0
* * * —&y;l
it = -3t gu(Pi+2) +sym(Ay) + Q;
i = P~ i G" + oAy 17)

P = —ppsym(G)
Aij = A”G = ALG + BZiY}-

Moreover, the gain K; is calculated from K; =
Y;G™.
Proof. Using the conditions stated in the theorem, it
is easy to check that matrix G is non-singular, using
the fact that —sym(G) < 0.
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Set Y; = K;G. Based on Lemma 1, we know from
Egs. 15-16 that:

Dy =Yioy Xioy ieq mimm®l; < 0. (18)

1 Ay 0 0O

Define T,, = g g i) ? 8} Pre- and post-
lo oHK, 0 0 I]

multiplying Eq. 18 by T,, and its transpose,

respectively, and assuming that 1; > ¢, the
following condition holds:
[©,," By® I (HK,P)"]
-1
I —eml 0 0 <0 (19)
I * -y 0 I
l * * _511]1 J
where,

Oy = —(By +Z2) + sym(Ayy By) + P QP

To address the stability analysis, the following
non-quadratic  fuzzy Lyapunov function is
introduced:

V(x(6) = x" (P x(t) (20)

The evaluation of V (x(t)) onward the solutions of
system (8), with @(())=0 and w(t) =0,
provides:

V(x() =2xT(t)B;tx(t) + xT(6)Py x(t)

= 20T ()P Ay x(2)
—xT ()P 1B, B, x(0).

(21)

On the other hand, we can easily deduce from
7-1 M; = 1 that Y7, n; = 0. Thus, for any matrix Z,
we get:

P, TN mZB, T =Py ZB T =0 (22)
and
V@) = x"(t)(sym(P; Ayy) 23)

—B; (B, + 2)P, " Hx (D)
From Eq. 15, the following condition is verified,

" = —(By) +Z) + sym(Ay, By) + B,QP, < 0.

m (24)

By performing the congruence transformation by
P, " to Eq. 24, we know that:
sym(B; YAyy) — Py Y(By + Z)P, < —Q <0 (25)
Thus, it can be verified, for x(t) # 0, that
V(x(t)) <0 and the system (8) is stable. Now, the

following index is introduced to examine the L,-gain
performance for the system in Eq. 8,

J =1 (e"®Qe(t) —y*vT (Dv(D))dt. (26)
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Based on the condition in Eq. 7, inequality (27)
holds for any scalar &;,, > 0:

—e1n " (W)@ (t))
+e1,02xT (£) (K, )THTH (K, )x(t) = 0. (27)

Defining Jo.(6) = eT(t)Qe(t) — y*vT (t)v(D):
According to the similar procedure outlined above,
we can conclude that:

V(x(®) +Jo(t) = E(0)Pp,8 (1) (28)

where, £(t) = [xT(t) @T(u(®)) vT(£)]7, and,

R 29)
* —yzl

and @, = sym(B; tA,,) — B Y(B + 2B+ Q +
€170 (K, )"TH" H(K,).

By performing firstly, the congruence
transformation to Eq. 19 by diag{Pn‘l, I, I, I}, and
secondly the Schur complement lemma, we deduce
that ;, < 0, and,

V() +Je(t) <0 (30)
Integrating Eq. 30 from 0 to oo, we get:

fy VG@) + Je(®)dt =

Iy €T (©)Qe() =y (t)v(©))dt — V(0) < 0. (31

Hence, we can conclude that the closed-loop
system is stable and achieve a y level of the L,-gain
performance.

Remark:

e As can be seen from the proof of Theorem 1, a non-
quadratic Lyapunov function is investigated, in
which the property of fuzzy membership functions
is exploited to derive the L,-gain stability for the
system (8). The method is further reduced in
conservatism by introducing some slack matrices.

¢ In cases where the membership functions are not
differentiable, a quadratic Lyapunov should be
used, while the matrices themselves are
independent of the membership functions. It can
be shown that the conditions in Theorem 1 hold
for this case by setting ¢; to be sufficiently small,
and restraining P; variables to be P.

4. Robust reliable controller design

Lemma 2: For given constant matrices M and N and
a symmetric constant matrix P of appropriate
dimensions, then (Xie, 1996),

P+ sym(P + MAN) <0

holds for any A satisfying AT(t)A(t) <R if and
only if there exists a scalar € > 0 such that:
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P + sym(MAN) < eMMT + e *NTRN. (32)

In the sequel, intend to develop a method to
synthesize the gains K; such that the closed-loop
system (8) is stable with a L,-gain performance y.

For given scalars pq, u,, and ¢; < 0, closed-loop
system (8) is robustly stable with y level of L,-gain
performance, if there exist scalars y >0, &; > 0,
matrices P; > 0, Z, G, F and Y; such that the following
LMIs hold:

P,+Z>0 (33)
Y; <0, i=1,-,r (34)
2 . )
=YY+ <0, i) (35)
where,
cb%j G LA T
Yll] = _Eil 0
* —EiR_l
Y2=[MI 0o 0o 0o o] (36)
Y{? = [m(NiG) u(N:G) 0 0 0]
Based on Lemma 2, we know from Eq. 34 that:
Yy = iy Xieq Tica minymYi; < 0. (37)
According to Lemma 2, it is easy to verify that:
@, + sym(Vz2A(t)Y;37) <0 (38)

By subsuming 4,, with 4,,(t) and following the
same lines to prove Theorem 1 we can demonstrate
that a closed-loop system (8) is robustly stable with
a y level of L,-gain performance for all 0 = w(k) €
L,[0, ). Note that the optimal performance index y*
for L,-gain performance can be obtained by solving
the following optimization problem:

miny?
s.t.LMIs Eq.33 —Eq.35 (39)
5. Simulation results

Our discussion in this section provides a concise
description of the computational framework and
illustrates the efficacy and advantages of the
proposed control scheme through a Duffing forced
oscillation system.

5.1. Computational framework

The computation experiments are performed on a
computer with the following characteristics:(i) [0S]
Windows 10 Enterprise for 64 bits; (ii) [RAM] 8
Gigabytes; and (iii) [Processor] Intel(R) Core(TM) i7-
4790T CPU @ 2.70 GigaHertz.

5.2. Example
This example illustrates a simulation of the

Duffing forced-oscillation system tracking those of a
linear reference model using the developed
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approach. This nonlinear system has the following
dynamics:

= x,(t)

{551(’:) (40)
= —x3(t) — 0.1x,(t) + 12cos(t) + u(t)

X, (%)

The system can be expressed by T-S fuzzy model
with the format of Eq. 3 by assuming that the state
satisfies x;(t) € [-5,5], whose parameters are as
follows:

A, = [g
BZZ

£0.1]’A2 - [0—25 £0.1]'B21 - [(1)]
=By = B1; = By

(41)

2
and the membership functions p;(x;) =1 — ;—; and
p2(x1) =1 = pi(xy).
For the sake of simplicity, we assume that the
uncertain subsystem matrices are a 5% deviation
from the nominal subsystem matrices. Indeed, we let

A(t) = 1.2sin(0.1t) and,
AA; = 0.05A(DA;, i =1,2.

By choosing Q2 =03,n, =n,=-1, u;, =11, u, =
0.1 and Q = diag(100,100), using Yalmip’s toolbox
in conjunction with Mosek’s solver the optimization
problem in Eq. 39 gives feasible solutions for the
following cases:

1.0 = 0.4, and ¢ = 0.3, (Failure case)
2.® =1,and ¢ = 0, (Normal case)

Table 1 provides the controller gains using the
proposed method for both cases and the methods
proposed by Gu et al. (2017). For all methods, the
simulations are undergone with a nonlinear fault
function selected as g(u(t)) = 0.3sin(4u(t)), and
the initial conditions x(t) = [0.2 0.1]7, and x,(t) =
[-0.5 0.1]7.

Table 1: Controller gains for different methods

Methods controller gains
K, =[-319.49 —40.56]
Proposed method for case 1 K, = [-295.38 —41.677]
K, = [-256.37 —39.947]
Proposed method for case 2 K, = [-243.09 —52.358]
Method proposed by Gu et K, =[-15.0101 -8.3216]
al. (2017) K, = [-8.6828 —9.8111]

In this example,
reference model:

we choose the following

N[0 1 0] .
xr(t)—[_l _z]xr(t)+[1]sm(t). (42)

The results of the numerical simulation analysis
are depicted in Figs. 1-3, from where it is
represented for each method the system and
reference model states variables.

Fig. 1: State and reference responses using the reliable controller (case 2)
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Fig. 3: State and reference responses using the method in Gu et al. (2017)
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It is observed that, when the reliable control law
(case 1) is applied the system dynamics are
stabilized despite actuator failures, however, when
the control laws are designed without taking into
account the actuator failures as in case 2 and (Gu et
al,, 2017), and applied to the system with failures, it
can be seen that the performances of the system are
degraded. Thus, the simulations validate that the
proposed control scheme is effective in
accommodating actuator faults in the system.

6. Conclusions and future work

Under the L, —gain performance, the robust
reliable tracking control design problem of the T-S
fuzzy system with external disturbance, and actuator
faults have been studied. With comprehensive
consideration of  non-linearity, parameter
uncertainty, exogenous disturbance, and actuator
failure, an effective reliable fuzzy controller has been
designed. Among the main results, the main findings
are as follows: (i) The model of the fault includes a
non-linear part which is more general than the
conventional actuator fault models has been
investigated (ii) Using a non-quadratic Lyapunov
function sufficient conditions with L,-gain
performance has been derived to deal with the
reliable tracking control problem for the system
under consideration (iii) A reliable robust controller
has been also synthesized to cope with uncertainties
in the T-S fuzzy model. The simulation studies on the
Duffing forced-oscillation systems have confirmed
that the proposed strategy is feasible and effective.
As part of future research topics, the suggested
developments will be extended to non-linear
systems with event-triggered and saturation issues.
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