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In the present paper, we apply the fuzzy soft set theory to commutative 
ideals of BCK-algebras. In fact, the notion of fuzzy soft commutative ideals 
over BCK-algebras is introduced, and related properties are investigated. 
Relations between fuzzy soft ideals and fuzzy soft commutative ideals are 
discussed, and conditions for a fuzzy soft ideal to be a fuzzy soft commutative 
ideal are provided. The “AND” operation, “extended intersection” and “union” 
of fuzzy soft (commutative) ideals are studied. Furthermore, 
characterizations of fuzzy soft (commutative) ideals are considered. 
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1. Introduction 

*The concept of the soft set has been introduced 
by Molodtsov (1999) to reduce the difficulties that 
appear with using the classical theoretical 
approaches when dealing with uncertainties. Soft set 
theory is rich with applications some have been 
pointed out by Molodtsov (1999) and Maji et al. 
(2002). The work on soft sets has been growing 
rapidly. Maji et al. (2003) studied several operations 
on the theory of soft sets. 

Also, Maji et al. (2001) generalized the standard 
notion of soft sets to the fuzzy soft sets and 
presented an application in a decision-making 
problem. Moreover, some results were presented by 
Roy and Maji (2007) on an application of fuzzy soft 
sets in decision-making problems. 

The theory of fuzzy soft set has been applied to 
groups, 𝐵𝐶𝐾/𝐵𝐶𝐼-algebras in Aygünoǧlu and Aygün 
(2009) and Jun et al. (2010), respectively. Al-Roqi et 
al. (2017) applied the notion of soft set theory to the 
filters in R0-algebras. Many authors have studied the 
soft set theory and fuzzy set theory on various 
aspects (Jun et al., 2017a; 2014; 2017b; 2016; 
Muhiuddin et al., 2017a; 2014; 2020a; 2020b; 2019a; 
Muhiuddin and Al-Roqi, 2015a; 2014; Muhiuddin 
and Mahboob, 2020). The ideal theory in algebraic 
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structures has been studied in Muhiuddin and Al-
Kadi (2021), Muhiuddin et al. (2020d; 2021), 
Senapati et al. (2019), and Talee et al. (2020). Some 
important generalizations of fuzzy sets were applied 
in 𝐵𝐶𝐾/𝐵𝐶𝐼-algebras (Muhiuddin and Aldhafeeri, 
2019; Muhiuddin and Al-Roqi, 2016; 2018; 
Muhiuddin and Jun, 2019; Muhiuddin et al., 2017b; 
2017c; 2019b; 2019c; 2019d; 2020c; Muhiuddin, 
2019). 

In the present analysis, we investigate further 
properties of fuzzy soft ideals over 𝐵𝐶𝐾/𝐵𝐶𝐼-
algebras. We introduce the notion of fuzzy soft 
commutative ideals over 𝐵𝐶𝐾-algebras, and 
investigate related properties. We provide relations 
between fuzzy soft ideals and fuzzy soft 
commutative ideals. We discuss conditions for a 
fuzzy soft ideal to be a fuzzy soft commutative ideal. 
We consider the “AND” operation, “extended 
intersection” and “union” of fuzzy soft 
(commutative) ideals. We give characterizations of 
fuzzy soft (commutative) ideals. 

2. Basic results on BCK/BCI-algebras 

A 𝐵𝐶𝐼-algebra is a triple (Ω;∗ ,0) of type (2,0) 
which satisfies the following conditions: 
 
• (∀𝜔1, 𝜔2, 𝜔3 ∈ Ω) (((𝜔1 ∗ 𝜔2) ∗ (𝜔1 ∗ 𝜔3)) ∗ (𝜔3 ∗ 𝜔2) =
0),  
• (∀𝜔1, 𝜔2 ∈ Ω) ((𝜔1 ∗ (𝜔1 ∗ 𝜔2)) ∗ 𝜔2 = 0),  
• (∀𝜔 ∈ Ω) (𝜔 ∗ 𝜔 = 0),  
• (∀𝜔1, 𝜔2 ∈ Ω) (𝜔1 ∗ 𝜔2 = 0, 𝜔2 ∗ 𝜔1 = 0 ⇒  𝜔1 = 𝜔2) 
 

A 𝐵𝐶𝐾-algebra is a 𝐵𝐶𝐼-algebra Ω that satisfies 
the identity: 
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• (∀𝜔 ∈ Ω) (0 ∗ 𝜔 = 0). 
 

any 𝐵𝐶𝐾-algebra Ω satisfies the following identities: 
 
• (∀𝜔 ∈ Ω) (𝜔 ∗ 0 = 𝜔),  
• (∀𝜔1, 𝜔2, 𝜔3 ∈ Ω) (𝜔1 ≤ 𝜔2  ⇒  𝜔1 ∗ 𝜔3 ≤ 𝜔2 ∗ 𝜔3, 𝜔3 ∗
𝜔2 ≤ 𝜔3 ∗ 𝜔1),  
• (∀𝜔1, 𝜔2, 𝜔3 ∈ Ω) ((𝜔1 ∗ 𝜔2) ∗ 𝜔3 = (𝜔1 ∗ 𝜔3) ∗ 𝜔2),  
• (∀𝜔1, 𝜔2, 𝜔3 ∈ Ω) ((𝜔1 ∗ 𝜔3) ∗ (𝜔2 ∗ 𝜔3) ≤ 𝜔1 ∗ 𝜔2)  
 

where 𝜔1 ≤ 𝜔2 if and only if 𝜔1 ∗ 𝜔2 = 0. 
An ideal 𝐽 of a 𝐵𝐶𝐾/𝐵𝐶𝐼-algebra Ω is a subset of Ω 

which contains 0 and satisfies the condition:  
 
(∀𝜔1, 𝜔2 ∈ Ω)(𝜔1 ∗ 𝜔2 ∈ 𝐽, 𝜔2 ∈ 𝐽 ⇒ 𝜔1 ∈ 𝐽)                      (1) 
 

A commutative ideal 𝐽 of a 𝐵𝐶𝐾-algebra Ω is a 
subset of Ω which contains 0 and satisfies the 
following condition:  
 
(∀𝜔1, 𝜔2, 𝜔3 ∈ Ω)  

((𝜔1 ∗ 𝜔2) ∗ 𝜔3 ∈ 𝐽, 𝜔3 ∈ 𝐽 ⇒ 𝜔1 ∗ (𝜔2 ∗ (𝜔2 ∗ 𝜔1)) ∈

𝐽)                                                                                                        (2) 

 

Note that, in 𝐵𝐶𝐾-algebras, every commutative 
ideal is an ideal, but not the converse (Meng and Jun, 
1994). 

A fuzzy ideal 𝜗 of a 𝐵𝐶𝐾/𝐵𝐶𝐼-algebra Ω is a fuzzy 
set which satisfies:  
 
(∀𝜔 ∈ Ω)(𝜗(0) ≥ 𝜗(𝜔)),                                                            (3) 
 (∀𝜔1, 𝜔2 ∈ Ω)(𝜗(𝜔1) ≥ min{𝜗(𝜔1 ∗ 𝜔2), 𝜗(𝜔2)})            (4) 
 

A fuzzy commutative ideal 𝜗 of a 𝐵𝐶𝐾-algebra Ω 
is a fuzzy set in which (3) is satisfied and, 
 
(∀𝜔1, 𝜔2, 𝜔3 ∈ Ω)(𝜗(𝜔1 ∗ (𝜔2 ∗ (𝜔2 ∗ 𝜔1))) ≥
min{𝜗((𝜔1 ∗ 𝜔2) ∗ 𝜔3), 𝜗(𝜔3)})                                               (5) 

3. Basic results on (fuzzy) soft sets  

Let 𝑃(𝑈) denotes the power set of an initial 
universe set 𝑈 and 𝐸 be a set of parameters. 
Consider 𝐾 ⊂ 𝐸. Then the soft set over 𝑈 is defined 
by Molodtsov as a pair (𝜅, 𝐾) where 𝜅 is a mapping 
given by 𝜅: 𝐾 → 𝑃(𝑈) (see Molodtsov (1999) for 
illustration and examples). 

 
Definition 3.1 (Maji et al., 2001): Let Ϝ(𝑈) denotes 
the set of all fuzzy sets in 𝑈. Then (𝜅̃, 𝐾) is called a 
fuzzy soft set over 𝑈 where 𝜅̃ is a mapping given by 
𝜅̃: 𝐾 → Ϝ(𝑈). For a parameter 𝑘 ∈ 𝐾, we write 𝜅̃[𝑘] 
for the fuzzy value set of 𝑘. 
 

For two fuzzy soft sets (𝜅̃, 𝐾) and (𝜐̃, 𝑉) over a 
common universe 𝑈, the following are defined in 
Maji et al. (2001). 

 
Definition 3.2: We say that (𝜅̃, 𝐾) is a fuzzy soft 
subset of (𝜐̃, 𝑉), if it satisfies: 
 
1. 𝐾 ⊆ 𝑉,  
2. (∀𝑘 ∈ 𝐾)( [k] 𝑖𝑠 𝑎 𝑓𝑢𝑧𝑧𝑦 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 [k]).  

 
We write (𝜅̃, 𝐾)   ⊆̃   (𝜐̃, 𝑉).  

Definition 3.3: The “union” of (𝜅̃, 𝐾) and (𝜐̃, 𝑉) is the 
fuzzy soft set (𝜏̃, 𝑇) such that: 
 
• 𝑇 = 𝐾 ∪ 𝑉,  
• for all 𝑡 ∈ 𝑇,  

𝜏̃[𝑡] = {

𝜅̃[𝑡]      𝑖𝑓  𝑡 ∈   𝐾\  𝑉,

𝜐̃[𝑡]      𝑖𝑓  𝑡 ∈   𝑉\  𝐾,
𝜅̃[𝑡] ∪ 𝜐̃[𝑡]      𝑖𝑓  𝑡 ∈   𝐾 ∩   𝑉.

 

 

we write (𝜅̃, 𝐾)  ∪̃  (𝜐̃, 𝑉) = (𝜏̃, 𝑇). 
 

Definition 3.4: We define (𝜅̃, 𝐾) “AND” (𝜐̃, 𝑉) by 
(𝜅̃, 𝐾)  ∧̃  (𝜐̃, 𝑉) = (𝜏̃, 𝐾 × 𝑉), where 𝜏̃[𝑘, 𝑣] = 𝜅̃[𝑘] ∩
𝜐̃[𝑣] for all (𝑘, 𝑣) ∈ 𝐾 × 𝑉. We write (𝜅̃, 𝐾)  ∧̃  (𝜐̃, 𝑉). 

 
For two soft sets (𝜅̃, 𝐾) and (𝜐̃, 𝑉) over a common 

universe 𝑈, the following operations are defined in 
Ali et al. (2009). 

 
Definition 3.5: The “extended intersection” of (𝜅̃, 𝐾) 
and (𝜐̃, 𝑉) is the soft set (𝜏̃, 𝑇) where 𝑇 = 𝐾 ∪ 𝑉 and 
for every 𝑡 ∈ 𝑇: 
 

𝜏̃[𝑡] = {

𝜅̃[𝑡] i𝑓   𝑡 ∈ 𝐾\𝑉,

𝜐̃[𝑡] i𝑓   𝑡 ∈ 𝑉\𝐾,
𝜅̃[𝑡] ∩ 𝜐̃[𝑡] i𝑓   𝑡 ∈ 𝐾 ∩ 𝑉.

 

 

We write (𝜅̃, 𝐾)  ∩̃e  (𝜐̃, 𝑉) = (𝜏̃, 𝑇). 
 
Definition 3.6: The “restricted intersection” of 
(𝜅̃, 𝐾) and (𝜐̃, 𝑉) where 𝐾 ∩ 𝑉 ≠ ∅ is defined by 
(𝜅̃, 𝐾)  ∩̃𝑟  (𝜐̃, 𝑉) = (𝜏̃, 𝑇), where 𝑇 = 𝐾 ∩ 𝑉 and for 
all 𝑡 ∈ 𝑇, 𝜏̃[𝑡] = 𝜅̃[𝑡] ∩ 𝜐̃[𝑡]. 
 
We write (𝜅̃, 𝐾)  ∩̃r  (𝜐̃, 𝑉). 

4. Further properties of fuzzy soft ideals  

In this section, Ω denotes 𝐵𝐶𝐾/𝐵𝐶𝐼-algebras. Let 
(𝜅̃, 𝐾) be a fuzzy soft set over a 𝐵𝐶𝐾/𝐵𝐶𝐼-algebra Ω 
then a fuzzy soft ideal is defined as follows: 
 
Definition 4.1 (Jun et al., 2010): A fuzzy soft ideal 
(𝜅̃, 𝐾) over 𝛺 is a fuzzy soft ideal over 𝛺 based on all 
parameters. If there exists a parameter 𝑘 ∈ 𝐾 such 
that 𝜅̃[𝑘] is a fuzzy ideal of 𝛺, we say that (𝜅̃, 𝐾) is a 
fuzzy soft ideal over 𝛺 based on a parameter 𝑘. 
 
Theorem 4.2: Let (𝜅̃, 𝐾) and (𝜐̃, 𝑉) be two fuzzy soft 
sets over a 𝐵𝐶𝐾/𝐵𝐶𝐼-algebra 𝛺 such that 
(𝜅̃, 𝐾)   ⊆̃   (𝜐̃, 𝑉). If (𝜐̃, 𝑉) is a fuzzy soft ideal over 𝛺, 
then: 
 
1. (∀𝜔 ∈ Ω)(∀𝑘 ∈ 𝐾)(𝜐̃[𝑘](0) ≥ 𝜅̃[𝑘](𝜔)) 
2. (∀𝜔1, 𝜔2 ∈ Ω)(∀𝑘 ∈ 𝐾)(𝜐̃[𝑘](𝜔1) ≥ min{𝜅̃[𝑘](𝜔1 ∗
𝜔2), 𝜅̃[𝑘](𝜔2)}) 

 
Proof: Assume that (υ̃, V) is a fuzzy soft ideal over Ω. 
For any 𝑘 ∈ 𝐾 and 𝜔 ∈ Ω, we have 𝜐̃[𝑘](0) ≥
𝜐̃[𝑘](𝜔) ≥ 𝜅̃[𝑘](𝜔), which proves (1). Now we have: 
 
𝜐̃[𝑘](𝜔1) ≥ min{𝜐̃[𝑘](𝜔1 ∗ 𝜔2), 𝜐̃[𝑘](𝜔2)} ≥  
min{𝜅̃[𝑘](𝜔1 ∗ 𝜔2), 𝜅̃[𝑘](𝜔2)}  
 



Muhiuddin et al/International Journal of Advanced and Applied Sciences, 8(6) 2021, Pages: 48-56 

50 
 

for all 𝜔1, 𝜔2 ∈ Ω and 𝑘 ∈ 𝐾, and so (2) is valid. 
 

Question: For two fuzzy soft sets (𝜅̃, 𝐾) and (𝜐̃, 𝑉) 
over a 𝐵𝐶𝐾/𝐵𝐶𝐼-algebra 𝛺, where (𝜅̃, 𝐾)   ⊆̃   (𝜐̃, 𝑉). 
If (𝜐̃, 𝑉) is a fuzzy soft ideal over 𝛺 then is (𝜅̃, 𝐾) a 
fuzzy soft ideal over 𝛺? 

 

The answer to this question is negative as seen in 
the following example. 
 

Example 4.3: Suppose that there are four private 
schools in the initial universe set U given by: 
 

𝑈 = {𝑠0, 𝑠1, 𝑠2, 𝑠3} 
 

with the following binary operation: 
 

∗ 𝑠0 𝑠1 𝑠2 𝑠3

𝑠0 𝑠0 𝑠0 𝑠0 𝑠0

𝑠1 𝑠1 𝑠0 𝑠0 𝑠1

𝑠2 𝑠2 𝑠2 𝑠0 𝑠2

𝑠3 𝑠3 𝑠3 𝑠3 𝑠0

 

 

Then (𝑈,∗, 𝑠0) is a 𝐵𝐶𝐾-algebra. Let a set of 
parameters 𝐸 = {𝑑, 𝑐, 𝑙, 𝑒} be a set of the status of 
schools which stand for the parameters “leadership”, 
“coast”, “location” and “experience”, respectively. 
Take 𝐾 = {𝑑} and 𝑉 = {𝑑, 𝑙}. Let (𝜅̃, 𝐾) and (𝜐̃, 𝑉) be 
soft sets over 𝑈 which are defined by: 
 

𝜅̃ 𝑆0 𝑆1 𝑆2 𝑆3 
𝑑 0.6 0.1 0.2 0.5 

 

and 
 

𝑣̃ 𝑆0 𝑆1 𝑆2 𝑆3 
𝑑 0.7 0.4 0.3 0.6 
𝑙 0.8 0.7 0.6 0.5 

 

respectively. Then (𝜐̃, 𝑉) is a fuzzy soft ideal over 𝑈. 
But (𝜅̃, 𝐾) is not a fuzzy soft ideal over 𝑈 since, 
 

𝜅̃[𝑑](𝑠1) = 0.1 < 0.2 = min{𝜅̃[𝑑](𝑠1 ∗ 𝑠2), 𝜅̃[𝑑](𝑠2)} 
 

Theorem 4.4: Let (𝜅̃, 𝐾) be a fuzzy soft ideal over a 
𝐵𝐶𝐾/𝐵𝐶𝐼-algebra 𝛺. If 𝑉 is a subset of 𝐾, then 
(𝜅̃|𝑉 , 𝑉) is a fuzzy soft ideal over a 𝐵𝐶𝐾/𝐵𝐶𝐼-algebra 
𝛺. 

Proof: Straightforward. 
 
Question: Let (𝜅̃, 𝐾) be a fuzzy soft set over a 
𝐵𝐶𝐾/𝐵𝐶𝐼-algebra 𝛺. If (𝜅̃, 𝐾) is not a fuzzy soft ideal 
over a 𝐵𝐶𝐾/𝐵𝐶𝐼-algebra 𝛺 then does a subset 𝑉 of 𝐾 
exists such that (𝜅̃|𝑉 , 𝑉) is a fuzzy soft ideal over a 
𝐵𝐶𝐾/𝐵𝐶𝐼-algebra 𝛺?  

 
The answer to this question is positive as shown 

in the following example. 
 
Example 4.5: Suppose there are five activities in the 
universe 𝑈, that is,  
 
𝑈: = {sℎ𝑜𝑝𝑝𝑖𝑛𝑔, 𝑤𝑎𝑙𝑘𝑖𝑛𝑔, 𝑟𝑒𝑙𝑎𝑥𝑖𝑛𝑔, 𝑤𝑜𝑟𝑘𝑖𝑛𝑔, 𝑠𝑤𝑖𝑚𝑚𝑖𝑛𝑔} 

 

Let ⊎ be a terminology which chooses between 
two activities as follows: 
 
shopping ⊎  𝑢 =shopping for all 𝑢 ∈ 𝑈, 

w𝑎𝑙𝑘𝑖𝑛𝑔 ⊎ 𝑢

= {
sℎ𝑜𝑝𝑝𝑖𝑛𝑔 i𝑓   𝑢 ∈ {w𝑎𝑙𝑘𝑖𝑛𝑔, 𝑤𝑜𝑟𝑘𝑖𝑛𝑔, 𝑠𝑤𝑖𝑚𝑚𝑖𝑛𝑔},

w𝑎𝑙𝑘𝑖𝑛𝑔 i𝑓   𝑢 ∈ {sℎ𝑜𝑝𝑝𝑖𝑛𝑔, 𝑟𝑒𝑙𝑎𝑥𝑖𝑛𝑔},
 

r𝑒𝑙𝑎𝑥𝑖𝑛𝑔 ⊎ 𝑢

= {
sℎ𝑜𝑝𝑝𝑖𝑛𝑔 i𝑓   𝑢 ∈ {r𝑒𝑙𝑎𝑥𝑖𝑛𝑔, 𝑠𝑤𝑖𝑚𝑚𝑖𝑛𝑔},

r𝑒𝑙𝑎𝑥𝑖𝑛𝑔 i𝑓   𝑢 ∈ {sℎ𝑜𝑝𝑝𝑖𝑛𝑔, 𝑤𝑎𝑙𝑘𝑖𝑛𝑔, 𝑤𝑜𝑟𝑘𝑖𝑛𝑔},
 

w𝑜𝑟𝑘𝑖𝑛𝑔 ⊎ 𝑢

= {
sℎ𝑜𝑝𝑝𝑖𝑛𝑔 i𝑓   𝑢 ∈ {w𝑜𝑟𝑘𝑖𝑛𝑔, 𝑠𝑤𝑖𝑚𝑚𝑖𝑛𝑔},

w𝑜𝑟𝑘𝑖𝑛𝑔 i𝑓   𝑢 ∈ {sℎ𝑜𝑝𝑝𝑖𝑛𝑔, 𝑤𝑎𝑙𝑘𝑖𝑛𝑔, 𝑟𝑒𝑙𝑎𝑥𝑖𝑛𝑔},
 

s𝑤𝑖𝑚𝑚𝑖𝑛𝑔 ⊎ 𝑢

= {

sℎ𝑜𝑝𝑝𝑖𝑛𝑔 i𝑓   𝑢 ∈ {s𝑤𝑖𝑚𝑚𝑖𝑛𝑔},

r𝑒𝑙𝑎𝑥𝑖𝑛𝑔 i𝑓   𝑢 ∈ {w𝑜𝑟𝑘𝑖𝑛𝑔},

w𝑜𝑟𝑘𝑖𝑛𝑔 i𝑓   𝑢 ∈ {r𝑒𝑙𝑎𝑥𝑖𝑛𝑔},
s𝑤𝑖𝑚𝑚𝑖𝑛𝑔 i𝑓   𝑢 ∈ {sℎ𝑜𝑝𝑝𝑖𝑛𝑔, 𝑤𝑎𝑙𝑘𝑖𝑛𝑔}.

 

 
Then (𝑈,⊎, sℎ𝑜𝑝𝑝𝑖𝑛𝑔) is a 𝐵𝐶𝐾-algebra (Jun et al., 

2010). Consider a set of parameters: 
 
𝐾:
= {e𝑛𝑗𝑜𝑦𝑒𝑑, 𝑏𝑜𝑟𝑒𝑑, 𝑓𝑟𝑢𝑠𝑡𝑟𝑎𝑡𝑒𝑑, 𝑒𝑛𝑒𝑟𝑔𝑖𝑧𝑒𝑑, 𝑠𝑡𝑖𝑚𝑢𝑙𝑎𝑡𝑒𝑑} 
 

Let (𝜅̃, 𝐾) be a fuzzy soft set over 𝑈. Then 
𝜅̃[e𝑛𝑗𝑜𝑦𝑒𝑑], 𝜅̃[b𝑜𝑟𝑒𝑑], 𝜅̃[f𝑟𝑢𝑠𝑡𝑟𝑎𝑡𝑒𝑑], 𝜅̃[e𝑛𝑒𝑟𝑔𝑖𝑧𝑒𝑑], 
and 𝜅̃[s𝑡𝑖𝑚𝑢𝑙𝑎𝑡𝑒𝑑] are fuzzy sets in 𝑈. We define 
them as follows: 

 
𝜅̃ shopping walking relaxing working swimming 

enjoyed 0.9 0.6 0.8 0.3 0.3 
bored 0.8 0.7 0.4 0.6 0.4 

frustrated 0.6 0.5 0.4 02 0.2 
energized 0.1 0.2 0.3 0.4 0.5 
stimulated 0.3 0.1 0.5 0.6 0.1 

 

Then (𝜅̃, 𝐾) is not a fuzzy soft ideal over 𝑈 since 
𝜅̃[e𝑛𝑒𝑟𝑔𝑖𝑧𝑒𝑑] and 𝜅̃[s𝑡𝑖𝑚𝑢𝑙𝑎𝑡𝑒𝑑] are not fuzzy ideals 
in 𝑈. But if we take, 
 
𝑉: = {e𝑛𝑗𝑜𝑦𝑒𝑑, 𝑏𝑜𝑟𝑒𝑑, 𝑓𝑟𝑢𝑠𝑡𝑟𝑎𝑡𝑒𝑑},  
 

then (𝜅̃|𝑉 , 𝑉) is a fuzzy soft ideal over 𝑈.  
 
Let (𝜅̃, 𝐾) be a fuzzy soft set over a 𝐵𝐶𝐾/𝐵𝐶𝐼-

algebra Ω and 𝑡 ∈ [0,1]. For a parameter 𝑘 ∈ 𝐾, 
consider the following sets: 

(𝜅̃, 𝐾)𝑘
≥𝑡: = {𝜔 ∈ Ω|𝜅̃[𝑘](𝜔) ≥ 𝑡}  

 

and 
 
(𝜅̃, 𝐾)𝑡

≥: = {𝜔 ∈ Ω|𝜅̃[𝑘](𝜔) ≥ 𝑡, 𝑓𝑜𝑟𝑎𝑙𝑙𝑘 ∈ 𝐾}.  
Obviously, (𝜅̃, 𝐾)𝑡

≥ = ⋂
𝑘∈𝐾

(𝜅̃, 𝐾)𝑘
≥𝑡. 

 

Theorem 4.6: For a fuzzy soft set (𝜅̃, 𝐾) over a 
𝐵𝐶𝐾/𝐵𝐶𝐼-algebra 𝛺, the following are equivalent: 
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1. (𝜅̃, 𝐾) is a fuzzy soft ideal over Ω based on a 
parameter 𝑘 ∈ 𝐾. 
2. (𝜅̃, 𝐾)𝑘

≥𝑡 is an ideal of Ω, for all 𝑡 ∈ [0,1] with 
(𝜅̃, 𝐾)𝑘

≥𝑡 ≠ ∅. 
 
Proof: Assume that (𝜅̃, 𝐾) is a fuzzy soft ideal over Ω 
based on a parameter 𝑘 ∈ 𝐾 and let 𝑡 ∈ [0,1] such 
that (𝜅̃, 𝐾)𝑘

≥𝑡 ≠ ∅. Obviously, 0 ∈ (𝜅̃, 𝐾)𝑘
≥𝑡 . Let 

𝜔1, 𝜔2 ∈ Ω such that 𝜔1 ∗ 𝜔2 ∈ (𝜅̃, 𝐾)𝑘
≥𝑡 and 𝜔2 ∈

(𝜅̃, 𝐾)𝑘
≥𝑡 . Then 𝜅̃[𝑘](𝜔1 ∗ 𝜔2) ≥ 𝑡 and 𝜅̃[𝑘](𝜔2) ≥ 𝑡. It 

follows from (4) that 𝜅̃[𝑘](𝜔1) ≥ min{𝜅̃[𝑘](𝜔1 ∗
𝜔2), 𝜅̃[𝑘](𝜔2)} ≥ 𝑡 and so that 𝜅̃[𝑘](𝜔1) ≥ 𝑡. Hence 
𝜔1 ∈ (𝜅̃, 𝐾)𝑘

≥𝑡, and therefore (𝜅̃, 𝐾)𝑘
≥𝑡 is an ideal of Ω 

for all 𝑡 ∈ [0,1] with (𝜅̃, 𝐾)𝑘
≥𝑡 ≠ ∅. 

Conversely, suppose that (2) is valid. It is 
sufficient to show that 𝜅̃[𝑘] satisfies the following 
two conditions: 
 

(i). 𝜅̃[𝑘](0) ≥ 𝜅̃[𝑘](𝜔) for all 𝜔 ∈ Ω. 
(ii). 𝜅̃[𝑘](𝜔) ≥ min{𝜅̃[𝑘](𝜔1 ∗ 𝜔2), 𝜅̃[𝑘](𝜔2)}, for all 
𝜔1, 𝜔2 ∈ Ω. 
 

If (i) is not valid, then there exists 𝜔0 ∈ Ω such 

that 𝜅̃[𝑘](0) < 𝜅̃[𝑘](𝜔0). Hence 𝜔0 ∈ (𝜅̃, 𝐾)𝑘
≥𝑡0 where 

𝑡0 = 𝜅̃[𝑘](𝜔0), and so (𝜅̃, 𝐾)𝑘
≥𝑡0 ≠ ∅. But 0 ∉

(𝜅̃, 𝐾)𝑘
≥𝑡0 , which is a contradiction. Thus 𝜅̃[𝑘](0) ≥

𝜅̃[𝑘](𝜔), for all 𝜔 ∈ Ω. Assume that (ii) is false. Then, 
 
𝜅̃[𝑘](𝜔) < min{𝜅̃[𝑘](𝜔 ∗ 𝜔′), 𝜅̃[𝑘](𝜔′)} 
 

for some 𝜔, 𝜔′ ∈ Ω. If we take 𝑡𝜔 = min{𝜅̃[𝑘](𝜔 ∗

𝜔′), 𝜅̃[𝑘](𝜔′)}, then 𝜔 ∗ 𝜔′ ∈ (𝜅̃, 𝐾)𝑘
≥𝑡𝜔 and 𝜔′ ∈

(𝜅̃, 𝐾)𝑘
≥𝑡𝜔 . Since (𝜅̃, 𝐾)𝑘

≥𝑡𝜔 is an ideal of Ω, it follows 

that 𝜔 ∈ (𝜅̃, 𝐾)𝑘
≥𝑡𝜔 and so that 𝜅̃[𝑘](𝜔) ≥ 𝑡𝜔 =

min{𝜅̃[𝑘](𝜔 ∗ 𝜔′), 𝜅̃[𝑘](𝜔′)}. This is a contradiction, 
and the proof is complete. 
 

Corollary 4.7: A fuzzy soft set (𝜅̃, 𝐾) over a 
𝐵𝐶𝐾/𝐵𝐶𝐼-algebra 𝛺 is a fuzzy soft ideal over 𝛺 if and 
only if (𝜅̃, 𝐾)𝑡

≥ is an ideal of 𝛺 with (𝜅̃, 𝐾)𝑡
≥ ≠ ∅ for all 

𝑡 ∈ [0,1].  
 

Theorem 4.8: If (𝜅̃, 𝐾) and (𝜐̃, 𝑉) are two fuzzy soft 
ideals over a 𝐵𝐶𝐾/𝐵𝐶𝐼-algebra 𝛺, then the “extended 
intersection” of (𝜅̃, 𝐾) and (𝜐̃, 𝑉) is a fuzzy soft ideal 
over a 𝐵𝐶𝐾/𝐵𝐶𝐼-algebra 𝛺. 
 

Proof: Let (𝜅̃, 𝐾)  ∩̃e  (𝜐̃, 𝑉) = (𝜏̃, 𝑇) be the “extended 
intersection” of (𝜅̃, 𝐾) and (𝜐̃, 𝑉). Then 𝑇 = 𝐾 ∪ 𝑉. 
For any 𝑡 ∈ 𝑇, if 𝑡 ∈ 𝐾\𝑉 (resp. 𝑡 ∈ 𝑉\𝐾) then 𝜏̃[𝑡] =
𝜅̃[𝑡] (resp. 𝜏̃[𝑡] = 𝜐̃[𝑡]) is a fuzzy ideal. If 𝐾 ∩ 𝑉 ≠ ∅, 
then 𝜏̃[𝑡] = 𝜅̃[𝑡] ∩ 𝜐̃[𝑡] is a fuzzy ideal for all 𝑡 ∈ 𝐾 ∩
𝑉 since the intersection of two fuzzy ideals is a fuzzy 
ideal. Therefore (𝜏̃, 𝑇) is a fuzzy soft ideal over a 
𝐵𝐶𝐾/𝐵𝐶𝐼-algebra Ω.  

 

The following two results follow directly from 
Theorem 4.8. 
 

Corollary 4.9: Let (𝜅̃, 𝐾) and (𝜐̃, 𝐾) be two fuzzy soft 
ideals over a 𝐵𝐶𝐾/𝐵𝐶𝐼-algebra 𝛺. Then the 
“extended intersection” (𝜅̃, 𝐾)  ∩̃𝑒  (𝜐̃, 𝐾) is a fuzzy 
soft ideal over 𝛺. 

Corollary 4.10: The “restricted intersection” of two 
fuzzy soft ideals is a fuzzy soft ideal.  
 

Theorem 4.11: Let (𝜅̃, 𝐾) and (𝜐̃, 𝑉) be two fuzzy 
soft ideals over a 𝐵𝐶𝐾/𝐵𝐶𝐼-algebra 𝛺. If 𝐾 ∩ 𝑉 = ∅, 
then the “union” (𝜅̃, 𝐾)  ∪̃  (𝜐̃, 𝑉) is a fuzzy soft ideal 
over a 𝐵𝐶𝐾/𝐵𝐶𝐼-algebra 𝛺. 
 

Proof: Since 𝐾 and 𝑉 are disjoint, then for any 𝑡 ∈ 𝑇 
either 𝑡 ∈ 𝐾\𝑉 or 𝑡 ∈ 𝑉\𝐾, by means of Definition 
3.3. If 𝑡 ∈ 𝐾\𝑉, then 𝜏̃[𝑡] = 𝜅̃[𝑡] is a fuzzy ideal in a 
𝐵𝐶𝐾/𝐵𝐶𝐼-algebra Ω because (𝜅̃, 𝐾) is a fuzzy soft 
ideal over a 𝐵𝐶𝐾/𝐵𝐶𝐼-algebra Ω. If 𝑡 ∈ 𝑉\𝐾, then 
𝜏̃[𝑡] = 𝜐̃[𝑡] is a fuzzy ideal in a 𝐵𝐶𝐾/𝐵𝐶𝐼-algebra Ω 
because (𝜐̃, 𝑉) is a fuzzy soft ideal over a 𝐵𝐶𝐾/𝐵𝐶𝐼-
algebra Ω. Hence (𝜏̃, 𝑇) = (𝜅̃, 𝐾)  ∪̃  (𝜐̃, 𝑉) is a fuzzy 
soft ideal over a 𝐵𝐶𝐾/𝐵𝐶𝐼-algebra Ω. 

5. Fuzzy soft commutative ideals  

In this section, Ω denotes a 𝐵𝐶𝐾-algebra unless 
otherwise is specified. 
 

Definition 5.1: Let (𝜅̃, 𝐾) be a fuzzy soft set over a 
𝐵𝐶𝐾-algebra 𝛺. If there exists a parameter 𝑘 ∈ 𝐾 
such that 𝜅̃[𝑘] is a fuzzy commutative ideal of 𝛺, that 
is, the following assertions are valid: 
 

𝜅̃[𝑘](0) ≥ 𝜅̃[𝑘](𝜔),                                                                     (6) 
𝜅̃[𝑘](𝜔1 ∗ (𝜔2 ∗ (𝜔2 ∗ 𝜔1))) ≥ min{𝜅̃[𝑘]((𝜔1 ∗ 𝜔2) ∗
𝜔3), 𝜅̃[𝑘](𝜔3)}                                                                              (7) 
 

for all 𝜔1, 𝜔2, 𝜔3 ∈ Ω, we say that (𝜅̃, 𝐾) is a fuzzy 
soft commutative ideal over Ω based on a parameter 
𝑘. If (𝜅̃, 𝐾) is a fuzzy soft commutative ideal over Ω 
based on all parameters, then (𝜅̃, 𝐾) is called a fuzzy 
soft commutative ideal over Ω. 
 

Example 5.2: Let: 
 

𝑈: = {m𝑜𝑛𝑑𝑎𝑦, 𝑡𝑢𝑒𝑠𝑑𝑎𝑦, 𝑤𝑒𝑑𝑛𝑒𝑠𝑑𝑎𝑦, 𝑡ℎ𝑢𝑟𝑠𝑑𝑎𝑦} 
 

be an initial universe, and consider the terminology 
⋓ which chooses between the days as follows: 
 

m𝑜𝑛𝑑𝑎𝑦 ⋓ 𝑢 = 𝑚𝑜𝑛𝑑𝑎𝑦𝑓𝑜𝑟𝑎𝑙𝑙𝑢 ∈ 𝑈, 

t𝑢𝑒𝑠𝑑𝑎𝑦 ⋓ 𝑢 = {
m𝑜𝑛𝑑𝑎𝑦 i𝑓   𝑢 ∈ {t𝑢𝑒𝑠𝑑𝑎𝑦, 𝑤𝑒𝑑𝑛𝑒𝑠𝑑𝑎𝑦},

t𝑢𝑒𝑠𝑑𝑎𝑦 i𝑓   𝑢 ∈ {m𝑜𝑛𝑑𝑎𝑦, 𝑡ℎ𝑢𝑟𝑠𝑑𝑎𝑦},
 

w𝑒𝑑𝑛𝑒𝑠𝑑𝑎𝑦 ⋓ 𝑢

= {

w𝑒𝑑𝑛𝑒𝑠𝑑𝑎𝑦 i𝑓   𝑢 ∈ {m𝑜𝑛𝑑𝑎𝑦, 𝑡ℎ𝑢𝑟𝑠𝑑𝑎𝑦},

t𝑢𝑒𝑠𝑑𝑎𝑦 i𝑓   𝑢 ∈ {t𝑢𝑒𝑠𝑑𝑎𝑦},
m𝑜𝑛𝑑𝑎𝑦 i𝑓   𝑢 ∈ {w𝑒𝑑𝑛𝑒𝑠𝑑𝑎𝑦},

 

tℎ𝑢𝑟𝑠𝑑𝑎𝑦 ⋓ 𝑢

= {
m𝑜𝑛𝑑𝑎𝑦 i𝑓   𝑢 = tℎ𝑢𝑟𝑠𝑑𝑎𝑦,
tℎ𝑢𝑟𝑠𝑑𝑎𝑦 i𝑓   𝑢 ∈ {m𝑜𝑛𝑑𝑎𝑦, 𝑡𝑢𝑒𝑠𝑑𝑎𝑦, 𝑤𝑒𝑑𝑛𝑒𝑠𝑑𝑎𝑦}.

 

 

Then (𝑈,⋓, m𝑜𝑛𝑑𝑎𝑦) is a 𝐵𝐶𝐾-algebra. Consider a 
set of parameters 𝐾: = {h𝑎𝑝𝑝𝑦, 𝑎𝑛𝑔𝑟𝑦, 𝑐𝑎𝑙𝑚}. Let 
(𝜅̃, 𝐾) be a fuzzy soft set over 𝑈. Then 𝜅̃[h𝑎𝑝𝑝𝑦], 
𝜅̃[a𝑛𝑔𝑟𝑦], and 𝜅̃[c𝑎𝑙𝑚] are fuzzy sets in 𝑈. We define 
them as follows:  
 

𝜅̃ Monday Tuesday Wednesday Thursday 
happy 0.5 0.3 0.3 0.4 
angry 0.9 0.2 0.2 0.2 
calm 0.7 0.5 0.5 0.2 
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Then (𝜅̃, 𝐾) is a fuzzy soft commutative ideal over 
𝑈 based on parameters “happy”, “angry” and “calm”. 
 

Theorem 5.3: For any BCK-algebra, every fuzzy soft 
commutative ideal (based on a parameter) is a fuzzy 
soft ideal (based on the same parameter). 
 

Proof: Let (𝜅̃, 𝐾) be a fuzzy soft set over a 𝐵𝐶𝐾-
algebra Ω. Assume that (𝜅̃, 𝐾) is a fuzzy soft 
commutative ideal over Ω based on a parameter 𝑘 ∈
𝐾. Then, 
min{𝜅̃[𝑘](𝜔1 ∗ 𝜔3), 𝜅̃[𝑘](𝜔3)}  

= min{𝜅̃[𝑘]((𝜔1 ∗ 0) ∗ 𝜔3), 𝜅̃[𝑘](𝜔3)}

≤ 𝜅̃[𝑘](𝜔1 ∗ (0 ∗ (0 ∗ 𝜔1)))

= 𝜅̃(𝜔1)

  

 

for all 𝜔1, 𝜔3 ∈ Ω. Therefore (𝜅̃, 𝐾) is a fuzzy soft 
ideal over Ω based on a parameter 𝑘 ∈ 𝐾. 

The converse of Theorem 5.3 is not true in 
general as shown in the example given next. 
 

Example 5.4: Let:  
 

𝑈: = {m𝑜𝑛𝑑𝑎𝑦, 𝑡𝑢𝑒𝑠𝑑𝑎𝑦, 𝑤𝑒𝑑𝑛𝑒𝑠𝑑𝑎𝑦, 𝑡ℎ𝑢𝑟𝑠𝑑𝑎𝑦, 𝑓𝑟𝑖𝑑𝑎𝑦} 
 

be an initial universe, and consider a terminology Ⓢ 
that chooses between days in the following way: 
 
m𝑜𝑛𝑑𝑎𝑦 Ⓢ 𝑢 = 𝑚𝑜𝑛𝑑𝑎𝑦𝑓𝑜𝑟𝑎𝑙𝑙𝑢 ∈ 𝑈, 

t𝑢𝑒𝑠𝑑𝑎𝑦 Ⓢ 𝑢

= {
m𝑜𝑛𝑑𝑎𝑦 i𝑓   𝑢 ∈ {t𝑢𝑒𝑠𝑑𝑎𝑦, 𝑡ℎ𝑢𝑟𝑠𝑑𝑎𝑦, 𝑓𝑟𝑖𝑑𝑎𝑦},

t𝑢𝑒𝑠𝑑𝑎𝑦 i𝑓   𝑢 ∈ {m𝑜𝑛𝑑𝑎𝑦, 𝑤𝑒𝑑𝑛𝑒𝑠𝑑𝑎𝑦},
 

w𝑒𝑑𝑛𝑒𝑠𝑑𝑎𝑦 Ⓢ 𝑢

= {
w𝑒𝑑𝑛𝑒𝑠𝑑𝑎𝑦 i𝑓   𝑢 ∈ {m𝑜𝑛𝑑𝑎𝑦, 𝑡𝑢𝑒𝑠𝑑𝑎𝑦},

m𝑜𝑛𝑑𝑎𝑦 i𝑓   𝑢 ∈ {w𝑒𝑑𝑛𝑒𝑠𝑑𝑎𝑦, 𝑡ℎ𝑢𝑟𝑠𝑑𝑎𝑦, 𝑓𝑟𝑖𝑑𝑎𝑦},
 

tℎ𝑢𝑟𝑠𝑑𝑎𝑦 Ⓢ 𝑢

= {
m𝑜𝑛𝑑𝑎𝑦 i𝑓   𝑢 ∈ {tℎ𝑢𝑟𝑠𝑑𝑎𝑦, 𝑓𝑟𝑖𝑑𝑎𝑦},

tℎ𝑢𝑟𝑠𝑑𝑎𝑦 i𝑓   𝑢 ∈ {m𝑜𝑛𝑑𝑎𝑦, 𝑡𝑢𝑒𝑠𝑑𝑎𝑦, 𝑤𝑒𝑑𝑛𝑒𝑠𝑑𝑎𝑦},
 

f𝑟𝑖𝑑𝑎𝑦 Ⓢ 𝑢

= {

f𝑟𝑖𝑑𝑎𝑦 i𝑓   𝑢 ∈ {m𝑜𝑛𝑑𝑎𝑦, 𝑡𝑢𝑒𝑠𝑑𝑎𝑦, 𝑤𝑒𝑑𝑛𝑒𝑠𝑑𝑎𝑦},

tℎ𝑢𝑟𝑠𝑑𝑎𝑦 i𝑓   𝑢 ∈ {tℎ𝑢𝑟𝑠𝑑𝑎𝑦},
m𝑜𝑛𝑑𝑎𝑦 i𝑓   𝑢 ∈ {f𝑟𝑖𝑑𝑎𝑦}.

 

 

Then (𝑈,Ⓢ, m𝑜𝑛𝑑𝑎𝑦) is a 𝐵𝐶𝐾-algebra. Consider 
a set of parameters, 
 
𝐾: = {h𝑎𝑝𝑝𝑦, 𝑎𝑛𝑔𝑟𝑦, 𝑐𝑎𝑙𝑚} 
 

Let (𝜅̃, 𝐾) be a fuzzy soft set over 𝑈. Then 
𝜅̃[h𝑎𝑝𝑝𝑦], 𝜅̃[a𝑛𝑔𝑟𝑦], and 𝜅̃[c𝑎𝑙𝑚] are fuzzy sets in 𝑈. 
We define them as follows:  
 

𝜅̃ Monday Tuesday Wednesday Thursday Friday 
happy 0.7 0.5 0.3 0.3 0.3 
angry 0.8 0.4 0.6 0.4 0.4 
calm 0.6 0.5 0.5 0.2 0.2 

 

Then (𝜅̃, 𝐾) is a fuzzy soft ideal over 𝑈 based on 
parameters “happy”, “angry” and “calm”. But (𝜅̃, 𝐾) is 
not a fuzzy soft commutative ideal over 𝑈 based on 
parameters “happy” and “angry” since, 

 
min{𝜅̃[h𝑎𝑝𝑝𝑦]((w𝑒𝑑𝑛𝑒𝑠𝑑𝑎𝑦 Ⓢ tℎ𝑢𝑟𝑠𝑑𝑎𝑦)Ⓢ t𝑢𝑒𝑠𝑑𝑎𝑦), 𝜅̃[h𝑎𝑝𝑝𝑦](t𝑢𝑒𝑠𝑑𝑎𝑦)}

= 𝜅̃[h𝑎𝑝𝑝𝑦](t𝑢𝑒𝑠𝑑𝑎𝑦)

= 0.5
> 𝜅̃[h𝑎𝑝𝑝𝑦](w𝑒𝑑𝑛𝑒𝑠𝑑𝑎𝑦 Ⓢ (tℎ𝑢𝑟𝑠𝑑𝑎𝑦 Ⓢ (tℎ𝑢𝑟𝑠𝑑𝑎𝑦 Ⓢ w𝑒𝑑𝑛𝑒𝑠𝑑𝑎𝑦)))

= 𝜅̃[h𝑎𝑝𝑝𝑦](w𝑒𝑑𝑛𝑒𝑠𝑑𝑎𝑦)

= 0.3

 

 

and 
 

min{𝜅̃[a𝑛𝑔𝑟𝑦]((t𝑢𝑒𝑠𝑑𝑎𝑦 Ⓢ tℎ𝑢𝑟𝑠𝑑𝑎𝑦)Ⓢ w𝑒𝑑𝑛𝑠𝑑𝑎𝑦), 𝜅̃[a𝑛𝑔𝑟𝑦](w𝑒𝑑𝑛𝑠𝑑𝑎𝑦)}

= 𝜅̃[a𝑛𝑔𝑟𝑦](w𝑒𝑑𝑛𝑠𝑑𝑎𝑦)

= 0.6
> 𝜅̃[a𝑛𝑔𝑟𝑦](t𝑢𝑒𝑠𝑑𝑎𝑦 Ⓢ (tℎ𝑢𝑟𝑠𝑑𝑎𝑦 Ⓢ (tℎ𝑢𝑟𝑠𝑑𝑎𝑦 Ⓢ t𝑢𝑒𝑠𝑑𝑎𝑦)))

= 𝜅̃[a𝑛𝑔𝑟𝑦](t𝑢𝑒𝑠𝑑𝑎𝑦)

= 0.4.

 

 
Theorem 5.5: Let (𝜅̃, 𝐾) be a fuzzy soft commutative 
ideal over a 𝐵𝐶𝐾-algebra 𝛺. If 𝑉 is a subset of 𝐾, then 
(𝜅̃|𝑉 , 𝑉) is a fuzzy soft commutative ideal over 𝛺. 
 

Proof: Direct to prove. 
 

Question: Let (𝜅̃, 𝐾) be a fuzzy soft set over a 𝐵𝐶𝐾-
algebra 𝛺. If (𝜅̃, 𝐾) is not a fuzzy soft commutative 
ideal over a 𝐵𝐶𝐾-algebra 𝛺, then can we find a 
subset 𝑉 of 𝐾 such that (𝜅̃|𝑉 , 𝑉) is a fuzzy soft 
commutative ideal over a 𝐵𝐶𝐾-algebra 𝛺?  

 

The answer is given by the following example. 
 

Example 5.6: Consider 𝐵𝐶𝐾-algebra (𝑈, ⊎,
𝑠ℎ𝑜𝑝𝑝𝑖𝑛𝑔) in Example 4.5 and consider a set of 
parameters, 
 
𝐾: = {e𝑛𝑗𝑜𝑦𝑒𝑑, 𝑓𝑟𝑢𝑠𝑡𝑟𝑎𝑡𝑒𝑑, 𝑏𝑜𝑟𝑒𝑑} 
 

Let (𝜅̃, 𝐾) be a fuzzy soft set over 𝑈. Then 
𝜅̃[e𝑛𝑗𝑜𝑦𝑒𝑑], 𝜅̃[f𝑟𝑢𝑠𝑡𝑟𝑎𝑡𝑒𝑑], and 𝜅̃[b𝑜𝑟𝑒𝑑] are fuzzy 
sets in 𝑈. We define them as follows: 
 

𝜅̃ shopping walking relaxing working swimming 
enjoyed 0.9 0.9 0.5 0.3 0.3 

frustrated 0.8 0.4 0.6 0.4 0.4 
bored 0.7 0.7 0.4 0.5 0.4 
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Then 𝜅̃[f𝑟𝑢𝑠𝑡𝑟𝑎𝑡𝑒𝑑] is a fuzzy ideal in 𝑈, but not a fuzzy commutative ideal in 𝑈 since, 
 

𝜅̃[f𝑟𝑢𝑠𝑡𝑟𝑎𝑡𝑒𝑑](w𝑎𝑙𝑘𝑖𝑛𝑔 ⊎ (w𝑜𝑟𝑘𝑖𝑛𝑔 ⊎ (w𝑜𝑟𝑘𝑖𝑛𝑔 ⊎ w𝑎𝑙𝑘𝑖𝑛𝑔)))

= 𝜅̃[f𝑟𝑢𝑠𝑡𝑟𝑎𝑡𝑒𝑑](w𝑎𝑙𝑘𝑖𝑛𝑔) = 0.4 ≱ 0.6

= min{𝜅̃[f𝑟𝑢𝑠𝑡𝑟𝑎𝑡𝑒𝑑]((w𝑎𝑙𝑘𝑖𝑛𝑔 ⊎ w𝑜𝑟𝑘𝑖𝑛𝑔) ⊎ r𝑒𝑙𝑎𝑥𝑖𝑛𝑔), 𝜅̃[f𝑟𝑢𝑠𝑡𝑟𝑎𝑡𝑒𝑑](r𝑒𝑙𝑎𝑥𝑖𝑛𝑔)}

= {𝜅̃[f𝑟𝑢𝑠𝑡𝑟𝑎𝑡𝑒𝑑](r𝑒𝑙𝑎𝑥𝑖𝑛𝑔)}.

 

 

Thus (𝜅̃, 𝐾) is not a fuzzy soft commutative ideal 
over 𝑈. But if we take, 
 
𝑉: = {e𝑛𝑗𝑜𝑦𝑒𝑑, 𝑏𝑜𝑟𝑒𝑑},  
 

then (𝜅̃|𝑉 , 𝑉) is a fuzzy soft commutative ideal over 
𝑈.  

 
Proposition 5.7: Every fuzzy soft commutative ideal 
(𝜅̃, 𝐾) over a 𝐵𝐶𝐾-algebra 𝛺 satisfies the following 
assertion: 
 
(∀𝜔1, 𝜔2 ∈ Ω)(∀𝑘 ∈ 𝐾)  
(𝜅̃[𝑘](𝜔1 ∗ 𝜔2) ≤ 𝜅̃[𝑘](𝜔1 ∗ (𝜔2 ∗ (𝜔2 ∗ 𝜔1))))               (8) 
 

Proof: If we take 𝜔3 = 0 in (7) and use (a1) and (6), 
then  
 
𝜅̃[𝑘](𝜔1 ∗ (𝜔2 ∗ (𝜔2 ∗ 𝜔1))) ≥  
min{𝜅̃[𝑘]((𝜔1 ∗ 𝜔2) ∗ 0), 𝜅̃[𝑘](0)} = 𝜅̃[𝑘](𝜔1 ∗ 𝜔2) for all 
𝜔1, 𝜔2 ∈ Ω. 
 

Theorem 5.8: If a fuzzy soft ideal (𝜅̃, 𝐾) over a 𝐵𝐶𝐾-
algebra 𝛺 satisfies the condition (8), then (𝜅̃, 𝐾) is a 
fuzzy soft commutative ideal over 𝛺.  
 
Proof: Let 𝑘 ∈ 𝐾 be a parameter and let 𝜔1, 𝜔2, 𝜔3 ∈
Ω. Then, 
 
𝜅̃[𝑘](𝜔1 ∗ (𝜔2 ∗ (𝜔2 ∗ 𝜔1))) ≥ 𝜅̃[𝑘](𝜔1 ∗ 𝜔2) ≥  

min{𝜅̃[𝑘]((𝜔1 ∗ 𝜔2) ∗ 𝜔3), 𝜅̃[𝑘](𝜔3)}  

 

Hence (𝜅̃, 𝐾) is a fuzzy soft commutative ideal 
over Ω.  
 
Lemma 5.9 (-3180): Let (𝜅̃, 𝐾) be a fuzzy soft ideal 
over a 𝐵𝐶𝐾/𝐵𝐶𝐼-algebra 𝛺. If 𝛺 satisfies the 
inequality 𝜔1 ∗ 𝜔2 ≤ 𝜔3, then: 
 
𝜅̃[𝑘](𝜔1) ≥ min{𝜅̃[𝑘](𝜔2), 𝜅̃[𝑘](𝜔3)}                                     (9) 
 

for all 𝜔1, 𝜔2, 𝜔3 ∈ Ω and 𝑘 ∈ 𝐾.  
 
Theorem 5.10: In a commutative 𝐵𝐶𝐾-algebra 𝛺, 
every fuzzy soft ideal is a fuzzy soft commutative 
ideal.  

 
Proof: Let (𝜅̃, 𝐾) be a fuzzy soft ideal over a 
commutative 𝐵𝐶𝐾-algebra Ω. Note that: 

((𝜔1 ∗ (𝜔2 ∗ (𝜔2 ∗ 𝜔1))) ∗ ((𝜔1 ∗ 𝜔2) ∗ 𝜔3)) ∗ 𝜔3  

= ((𝜔1 ∗ (𝜔2 ∗ (𝜔2 ∗ 𝜔1))) ∗ 𝜔3) ∗ ((𝜔1 ∗ 𝜔2) ∗ 𝜔3)  

≤ (𝜔1 ∗ (𝜔2 ∗ (𝜔2 ∗ 𝜔1))) ∗ (𝜔1 ∗ 𝜔2)  

= (𝜔1 ∗ (𝜔1 ∗ 𝜔2)) ∗ (𝜔2 ∗ (𝜔2 ∗ 𝜔1)) = 0,  

 
that is, (𝜔1 ∗ (𝜔2 ∗ (𝜔2 ∗ 𝜔1))) ∗ ((𝜔1 ∗ 𝜔2) ∗ 𝜔3) ≤
𝜔3 for all 𝜔1, 𝜔2, 𝜔3 ∈ Ω. It follows from Lemma 5.9 
that: 
 

𝜅̃[𝑘] (𝜔1 ∗ (𝜔2 ∗ (𝜔2 ∗ 𝜔1))) ≥  

min{𝜅̃[𝑘]((𝜔1 ∗ 𝜔2) ∗ 𝜔3), 𝜅̃[𝑘](𝜔3)}.  

 

Thus (7) holds, and the proof is complete.  
 
Lemma 5.11 (Jun et al., 2010): Let 𝛺 be a 𝐵𝐶𝐾/𝐵𝐶𝐼-
algebra. If (𝜅̃, 𝐾) and (𝜐̃, 𝑉) are two fuzzy soft ideals 
over 𝛺 based on parameters 𝑘 ∈ 𝐾 and 𝑣 ∈ 𝑉, 
respectively, then: 
 
(𝜅̃, 𝐾)  ∧̃  (𝜐̃, 𝑉) = (𝜏̃, 𝐾 × 𝑉)  
 

is a fuzzy soft ideal over Ω based on the parameter 
(𝑘, 𝑣). 

 
Theorem 5.12: If (𝜅̃, 𝐾) and (𝜐̃, 𝑉) are two fuzzy soft 
commutative ideals over a 𝐵𝐶𝐾-algebra 𝛺 based on 
parameters 𝑘 ∈ 𝐾 and 𝑣 ∈ 𝑉, respectively, then: 
 
(𝜅̃, 𝐾)  ∧̃  (𝜐̃, 𝑉) = (𝜏̃, 𝐾 × 𝑉)  
 

is a fuzzy soft commutative ideal over Ω based on the 
parameter (𝑘, 𝑣). 

 
Proof: Let (𝜅̃, 𝐾) and (𝜐̃, 𝑉) be two fuzzy soft 
commutative ideals over a 𝐵𝐶𝐾-algebra Ω based on 
parameters 𝑘 ∈ 𝐾 and 𝑣 ∈ 𝑉, respectively. Then 
(𝜅̃, 𝐾) and (𝜐̃, 𝑉) are two fuzzy soft ideals over a 
𝐵𝐶𝐾-algebra Ω based on parameters 𝑘 ∈ 𝐾 and 𝑣 ∈
𝑉, respectively, by Theorem 5.3. Hence, 
 
(𝜅̃, 𝐾)  ∧̃  (𝜐̃, 𝑉) = (𝜏̃, 𝐾 × 𝑉)  
 

is a fuzzy soft ideal over Ω based on the parameter 
(𝑘, 𝑣), by Lemma 5.11. For any 𝜔1, 𝜔2 ∈ Ω, we have: 
 

 
𝜏̃[𝑘, 𝑣](𝜔1 ∗ 𝜔2) = (𝜅̃[𝑘] ∩ 𝜐̃[𝑣])(𝜔1 ∗ 𝜔2) = min{𝜅̃[𝑘](𝜔1 ∗ 𝜔2), 𝜐̃[𝑣](𝜔1 ∗ 𝜔2)}

≤ min{𝜅̃[𝑘](𝜔1 ∗ (𝜔2 ∗ (𝜔2 ∗ 𝜔1))), 𝜐̃[𝑣](𝜔1 ∗ (𝜔2 ∗ (𝜔2 ∗ 𝜔1)))}

= (𝜅̃[𝑘] ∩ 𝜐̃[𝑣])(𝜔1 ∗ (𝜔2 ∗ (𝜔2 ∗ 𝜔1)))

= 𝜏̃[𝑘, 𝑣](𝜔1 ∗ (𝜔2 ∗ (𝜔2 ∗ 𝜔1))),

 

 
by Proposition 5.7. It follows from Theorem 5.8 that: 
 

 
(𝜅̃, 𝐾)  ∧̃  (𝜐̃, 𝑉) = (𝜏̃, 𝐾 × 𝑉)  
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is a fuzzy soft commutative ideal over Ω based on the 
parameter (𝑘, 𝑣).  

 
Theorem 5.13: If (𝜅̃, 𝐾) and (𝜐̃, 𝑉) are two fuzzy soft 
commutative ideals over a 𝐵𝐶𝐾-algebra 𝛺, then the 
“extended intersection” of (𝜅̃, 𝐾) and (𝜐̃, 𝑉) is a fuzzy 
soft commutative ideal over 𝛺. 
 
Proof: Let (𝜅̃, 𝐾)  ∩̃e  (𝜐̃, 𝑉) = (𝜏̃, 𝑇) be the “extended 
intersection” of fuzzy soft commutative ideals (𝜅̃, 𝐾) 
and (𝜐̃, 𝑉) over a 𝐵𝐶𝐾-algebra Ω. Then 𝑇 = 𝐾 ∪ 𝑉. 
For any 𝑡 ∈ 𝑇, if 𝑡 ∈ 𝐾\𝑉 (resp. 𝑡 ∈ 𝑉\𝐾) then 𝜏̃[𝑡] =
𝜅̃[𝑡] (resp. 𝜏̃[𝑡] = 𝜐̃[𝑡]) is a fuzzy commutative ideal. 
If 𝐾 ∩ 𝑉 ≠ ∅, then 𝜏̃[𝑡] = 𝜅̃[𝑡] ∩ 𝜐̃[𝑡] is a fuzzy 
commutative ideal for all 𝑡 ∈ 𝐾 ∩ 𝑉 since the 
intersection of two fuzzy commutative ideals is a 
fuzzy commutative ideal. Therefore (𝜏̃, 𝑇) is a fuzzy 
soft commutative ideal over a 𝐵𝐶𝐾-algebra Ω. 

 
The following two corollaries are straightforward 

results of Theorem 5.13. 
 
Corollary 5.14: If (𝜅̃, 𝐾) and (𝜐̃, 𝐾) are two fuzzy soft 
commutative ideals over a 𝐵𝐶𝐾-algebra 𝛺, then their 
“extended intersection” is a fuzzy soft commutative 
ideal over 𝛺. 
 
Corollary 5.15: The “restricted intersection” of two 
fuzzy soft commutative ideals is a fuzzy soft 
commutative ideal. 
 
Theorem 5.16: Let (𝜅̃, 𝐾) and (𝜐̃, 𝑉) be two fuzzy 
soft commutative ideals over a 𝐵𝐶𝐾-algebra 𝛺. If 𝐾 
and 𝑉 are disjoint, then the “union” (𝜅̃, 𝐾)  ∪̃  (𝜐̃, 𝑉) is 
a fuzzy soft commutative ideal over 𝛺. 
 
Proof: Since 𝐾 and 𝑉 are disjoint, then for all 𝑡 ∈ 𝑇, 
either 𝑡 ∈ 𝐾\𝑉 or 𝑡 ∈ 𝑉\𝐾, by means of Definition 
3.3. If 𝑡 ∈ 𝐾\𝑉, then 𝜏̃[𝑡] = 𝜅̃[𝑡] is a fuzzy 
commutative ideal in a 𝐵𝐶𝐾-algebra Ω because 
(𝜅̃, 𝐾) is a fuzzy soft commutative ideal over a 𝐵𝐶𝐾-
algebra Ω. If 𝑡 ∈ 𝑉\𝐾, then 𝜏̃[𝑡] = 𝜐̃[𝑡] is a fuzzy 
commutative ideal in a 𝐵𝐶𝐾-algebra Ω because (𝜐̃, 𝑉) 
is a fuzzy soft commutative ideal over a 𝐵𝐶𝐾-algebra 
Ω. Hence (𝜏̃, 𝑇) = (𝜅̃, 𝐾)  ∪̃  (𝜐̃, 𝑉) is a fuzzy soft 
commutative ideal over a 𝐵𝐶𝐾-algebra Ω. 
 
Lemma 5.17 (Meng and Jun, 1994): For a subset 𝐽 of 
a 𝐵𝐶𝐾-algebra 𝛺, the following are equivalent: 
 
1. 𝐽 is a commutative ideal of Ω.  
2. 𝐽 is an ideal of Ω which satisfies the following 
condition: 
 
(∀𝜔1, 𝜔2 ∈ Ω)(𝜔1 ∗ 𝜔2 ∈ 𝐽 ⇒ 𝜔1 ∗ (𝜔2 ∗ (𝜔2 ∗ 𝜔1)) ∈ 𝐽) 
                                                                                                         (10) 
 

Theorem 5.18: For a fuzzy soft set (𝜅̃, 𝐾) over a 
𝐵𝐶𝐾-algebra 𝛺, the following are equivalent: 
 

1. (𝜅̃, 𝐾) is a fuzzy soft commutative ideal over Ω 
based on a parameter 𝑘 ∈ 𝐾. 
2. (𝜅̃, 𝐾)𝑘

≥𝑡  is a commutative ideal of Ω, for all 𝑡 ∈
[0,1] with (𝜅̃, 𝐾)𝑘

≥𝑡 ≠ ∅. 
 

Proof: Assume that (𝜅̃, 𝐾) is a fuzzy soft 
commutative ideal over Ω based on a parameter 𝑘 ∈
𝐾. Then (𝜅̃, 𝐾) is a fuzzy soft ideal over Ω based on a 
parameter 𝑘 ∈ 𝐾, by Theorem 5.3. It follows from 
Theorem 4.6 that (𝜅̃, 𝐾)𝑘

≥𝑡 is an ideal of Ω for all 𝑡 ∈
[0,1] with (𝜅̃, 𝐾)𝑘

≥𝑡 ≠ ∅. Let 𝜔1, 𝜔2 ∈ Ω such that 𝜔1 ∗
𝜔2 ∈ (𝜅̃, 𝐾)𝑘

≥𝑡 . Then 𝜅̃[𝑘](𝜔1 ∗ 𝜔2) ≥ 𝑡, and so 
𝜅̃[𝑘](𝜔1 ∗ (𝜔2 ∗ (𝜔2 ∗ 𝜔1))) ≥ 𝜅̃[𝑘](𝜔1 ∗ 𝜔2) ≥ 𝑡, by 
Proposition 5.7. Hence 𝜔1 ∗ (𝜔2 ∗ (𝜔2 ∗ 𝜔1)) ∈
(𝜅̃, 𝐾)𝑘

≥𝑡, and therefore (𝜅̃, 𝐾)𝑘
≥𝑡 is a commutative 

ideal of Ω for all 𝑡 ∈ [0,1] with (𝜅̃, 𝐾)𝑘
≥𝑡 ≠ ∅, by 

Lemma 5.17. 
 

Conversely, suppose that (𝜅̃, 𝐾)𝑘
≥𝑡  is a 

commutative ideal of Ω for all 𝑡 ∈ [0,1] with 
(𝜅̃, 𝐾)𝑘

≥𝑡 ≠ ∅. Then (𝜅̃, 𝐾)𝑘
≥𝑡  is an ideal of Ω for all 𝑡 ∈

[0,1] with (𝜅̃, 𝐾)𝑘
≥𝑡 ≠ ∅, which implies, from Theorem 

4.6, that (𝜅̃, 𝐾) is a fuzzy soft ideal over Ω based on a 
parameter 𝑘 ∈ 𝐾. If the condition (8) is false, then 
there exists 𝑘 ∈ 𝐾 such that: 
 
𝜅̃[𝑘](𝜔 ∗ 𝜔′) > 𝜅̃[𝑘](𝜔 ∗ (𝜔′ ∗ (𝜔′ ∗ 𝜔))) for 𝜔, 𝜔′ ∈ Ω 
 

Then 𝜅̃[𝑘](𝜔 ∗ 𝜔′) ≥ 𝑡0 > 𝜅̃[𝑘](𝜔 ∗ (𝜔′ ∗ (𝜔′ ∗
𝜔))) for some 𝑡0 ∈ (0,1]. It follows that 𝜔 ∗ 𝜔′ ∈
(𝜅̃, 𝐾)𝑘

≥𝑡 but 𝜔 ∗ (𝜔′ ∗ (𝜔′ ∗ 𝜔)) ∉ (𝜅̃, 𝐾)𝑘
≥𝑡 . This leads 

to a contradiction, and hence the condition (8) is 
true. Therefore (𝜅̃, 𝐾) is a fuzzy soft commutative 
ideal over Ω based on a parameter 𝑘 ∈ 𝐾, by 
Theorem 5.8.  
 
Corollary 5.19: A fuzzy soft set (𝜅̃, 𝐾) over a 𝐵𝐶𝐾-
algebra 𝛺 is a fuzzy soft commutative ideal over 𝛺 if 
and only if (𝜅̃, 𝐾)𝑡

≥ is a commutative ideal of 𝛺 for all 
𝑡 ∈ [0,1] with (𝜅̃, 𝐾)𝑡

≥ ≠ ∅. 
 
Theorem 5.20: Let (𝜅̃, 𝐾) and (𝜅̃, 𝑉) be two fuzzy 
soft sets over a 𝐵𝐶𝐾-algebra 𝛺 such that: 
 
1. (𝜅̃, 𝐾)  ⊆̃  (𝜅̃, 𝑉),  
2. (𝜅̃, 𝐾) is a fuzzy soft ideal over Ω. 
 

If (𝜅̃, 𝑉) is a fuzzy soft commutative ideal over Ω, 
then so is (𝜅̃, 𝐾). 
 
Proof: Assume that (𝜅̃, 𝑉) is a fuzzy soft 
commutative ideal over Ω based on 𝑘 ∈ 𝑉. Then 
(𝜅̃, 𝑉)𝑘

≥𝑡 is a commutative ideal of Ω for all 𝑡 ∈ [0,1] 
with (𝜅̃, 𝐾)𝑘

≥𝑡 ≠ ∅, by Theorem 5.18. Let 𝜔1, 𝜔2 ∈ Ω 
such that 𝜔1 ∗ 𝜔2 ∈ (𝜅̃, 𝐾)𝑘

≥𝑡. Since, 
 
(𝜔1 ∗ (𝜔1 ∗ 𝜔2)) ∗ 𝜔2 = (𝜔1 ∗ 𝜔2) ∗ (𝜔1 ∗ 𝜔2) = 0 ∈
(𝜅̃, 𝑉)𝑘

≥𝑡,  
 

it follows from (a3), (10), and assumption (1) that: 
 

(𝜔1 ∗ (𝜔2 ∗ (𝜔2 ∗ (𝜔1 ∗ (𝜔1 ∗ 𝜔2))))) ∗ (𝜔1 ∗ 𝜔2) 
= (𝜔1 ∗ (𝜔1 ∗ 𝜔2)) ∗ (𝜔2 ∗ (𝜔2 ∗ (𝜔1 ∗ (𝜔1 ∗ 𝜔2)))) ∈ (𝜅̃, 𝑉)𝑘

≥𝑡  ⊆̃  (𝜅̃, 𝐾)𝑘
≥𝑡. 
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Since (𝜅̃, 𝐾)𝑘
≥𝑡 is an ideal of Ω, it follows from (1) 

that: 
 
𝜔1 ∗ (𝜔2 ∗ (𝜔2 ∗ (𝜔1 ∗ (𝜔1 ∗ 𝜔2)))) ∈ (𝜅̃, 𝐾)𝑘

≥𝑡.              (11) 
 

Note that 𝜔1 ∗ (𝜔1 ∗ 𝜔2) ≤ 𝜔1 , and so 𝜔2 ∗ (𝜔2 ∗
(𝜔1 ∗ (𝜔1 ∗ 𝜔2))) ≤ 𝜔2 ∗ (𝜔2 ∗ 𝜔1) by (a2). Thus:  
 
𝜔1 ∗ (𝜔2 ∗ (𝜔2 ∗ 𝜔1)) ≤ 𝜔1 ∗ (𝜔2 ∗ (𝜔2 ∗ (𝜔1 ∗ (𝜔1 ∗ 𝜔2)))).     
                                                                                                         (12) 
 

Using (11) and (12), we have 𝜔1 ∗ (𝜔2 ∗ (𝜔2 ∗
𝜔1)) ∈ (𝜅̃, 𝐾)𝑘

≥𝑡 . Hence (𝜅̃, 𝐾)𝑘
≥𝑡 is a commutative 

ideal of Ω, by Lemma 5.17. Therefore (𝜅̃, 𝐾) is a fuzzy 
soft commutative ideal over Ω, by Theorem 5.18.  

6. Conclusion 

In this paper, we applied the fuzzy soft set theory 
to commutative ideals of 𝐵𝐶𝐾-algebras. We 
introduced the notion of fuzzy soft commutative 
ideals over 𝐵𝐶𝐾-algebras, and investigated related 
properties. We provided relations between fuzzy soft 
ideals and fuzzy soft commutative ideals. We 
considered the “AND” operation, “extended 
intersection” and “union” of fuzzy soft 
(commutative) ideals. We characterized fuzzy soft 
(commutative) ideals. In our future study, we intend 
to apply the notions of the present paper to different 
algebras such as B-algebras, MV-algebras, 
subtraction algebras, MTL-algebras, EQ-algebras and 
lattice implication algebras, etc. 
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