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In this study, we aim to construct explicit forms of convolution formulae for 
Gegenbauer kernel filtration on the surface of the unit hypersphere. Using 
the properties of Gegenbauer polynomials, we reformulated Gegenbauer 
filtration as the limit of a sequence of finite linear combinations of 
hyperspherical Legendre harmonics and gave proof for the completeness of 
the associated series. We also proved the existence of a fundamental solution 
of the spherical Laplace-Beltrami operator on the hypersphere using the 
filtration kernel. An application of the filtration on a one-dimensional Cauchy 
wave problem was also demonstrated. 
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1. Introduction 

*Spherical harmonic analysis is basically the 
spectral theory of a differential operator such as the 
spherical Laplacian, which we denote by Δ𝑆𝑛 , on the 
hypersphere. In this analysis, spherical harmonics 
play salient roles. Spherical harmonic analysis is a 
process of decomposing a function on a sphere into 
components of various wavelengths using surface 
spherical harmonics as base functions (Bogdanova et 
al., 2005; Bulow, 2004). 

The role of classical orthogonal polynomials such 
as the Gegenbauer polynomials as reproducing 
kernels for the spaces of spherical harmonics of a 
given degree, or more generally, as providing an 
explicit construction of symmetry adapted basis 
functions for those spaces has been studied 
extensively (Camporesi, 1990; Bezubik and 
Strasburger, 2006; Omenyi and Uchenna, 2019). 
Also, Strasburger (1993) studied the connection of 
the Fourier transform on the Euclidean space to the 
Hankel transform obtained via a restriction to 
𝑆𝑂(𝑛)-finite functions and various integral identities 
of the Hecke-Bochner type resulting there. The 
generalized concept of convolution on groups is 
intimately related to the concept of filtering on 
homogeneous spaces. Some insight into spherical 
filtering with particular emphasis on wavelet 
transform can be found in Driscoll and Healy (1994), 
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Antoine and Vandergheynst (1999), Bogdanova et al. 
(2005), and more recently in Dai and Xu (2013) and 
Claessens (2016). 

The goal of the present paper is to present a novel 
form of the Gegenbauer kernel filtration of harmonic 
functions on the hypersphere. It is known, in general, 
that there is no explicit expression for the 
fundamental solution of a Laplace-type operator on a 
Riemannian manifold (Aubin, 1998; Cohl and 
Palmer, 2015). In this work, we aim to demonstrate 
that with the Gegenbauer filtration kernel, a closed-
form of fundamental solution can be constructed. 
This puts in limelight signal processing methods on 
non-Euclidean spaces and in particular on the 
hypersphere. The most basic is the notion of Fourier 
transform that on the sphere corresponds to the 
expansion of functions into series of familiar 
spherical harmonics. A vast amount of literature is 
available on such expansions, mostly from quantum 
mechanics and mathematical physics (Szekeres, 
2004; Assche et al., 2000; Cohl and Palmer, 2015; 
Drake et al., 2008; Healy et al., 2003). We also derive 
some general formulae for the Gegenbauer filtration 
of functions on 𝑆𝑛, including recent generalizations 
of Fourier spherical harmonic expansions and 
discuss their function theoretic consequences. 

In the next subsections, we fix basic notations and 
concepts before proceeding to present our results in 
subsequent sections. 

1.1. The hypersphere 

The hypersphere, 𝑆𝑛−1 = {𝑥 ∈ ℝ𝑛: 𝑥𝑇𝑥 = 1}, 𝑛 >
3 in ℝ𝑛 is a set of points whose Euclidean distance 
from the origin is equal to unity. The hypersphere 
𝑆𝑛−1 may be parameterized by a set of 
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hyperspherical polar coordinates. If (𝑥1, 𝑥2, ⋯ , 𝑥𝑛) 
are Cartesian coordinates in ℝ𝑛, then we define the 
angles 𝜃1, 𝜃2, ⋯ 𝜃𝑛−1 with 𝜃1, 𝜃2, ⋯ , 𝜃𝑛−2 ∈ [0, 𝜋] and 
𝜃𝑛−1 ∈ [0,2𝜋] such that: 
 
𝑥1 = cos𝜃1
𝑥2 = sin𝜃1cos𝜃2
𝑥3 = sin𝜃1sin𝜃2cos𝜃3
𝑥4 = sin𝜃1sin𝜃2sin𝜃3
⋮

𝑥𝑛−1 = sin𝜃1sin𝜃2⋯sin𝜃𝑛−2cos𝜃𝑛−1
𝑥𝑛 = sin𝜃1sin𝜃2⋯sin𝜃𝑛−2sin𝜃𝑛−1.}

  
 

  
 

                          (1) 

 

This is a natural generalization of spherical polar 
coordinates in ℝ3. In the familiar case of 𝑆2 ⊂ ℝ3, 𝜃1 
corresponds to the elevation and 𝜃2 corresponds to 
the azimuth. 

The surface area of the hypersphere satisfies the 
recursive relation: 
 

|𝑆𝑛| =
2𝜋

𝑛+1
2

Γ(
𝑛+1

2
)
, 𝑛 ≥ 3,                                                                    (2) 

 

see e.g. Jost and Jost (2008) and Lee (2003) for 
details. 

Let ℋ𝑙,𝑛 denote the space homogeneous Legendre 
polynomials of degree 𝑙 in dimension 𝑛. We call 
function 𝑓 ∈ ℋ𝑙,𝑛 such that Δ𝑆𝑛𝑓 = 0 a 
hyperspherical harmonic, where Δ𝑆𝑛  is the spherical 
Laplacian defined as: 
 

Δ𝑆𝑛:=
1

sin𝑛−1𝜃

𝜕

𝜕𝜃
(sin𝑛−1

𝜕

𝜕𝜃
) +

1

sin2𝜃
Δ𝑆𝑛−1 .                              (3) 

 

The space of hyperspherical harmonic 
polynomials restricted to the unit hypersphere, 𝑆𝑛, is 
denoted by 𝒴𝑙,𝑛. So, any 𝑌𝑙 ∈ 𝒴𝑙,𝑛 is related to a 

homogeneous harmonic ℎ𝑙 ∈ ℋ𝑙,𝑛 by ℎ𝑙(𝑟𝜉) =

𝑟𝑙𝑌𝑙(𝜉) where 𝑟 = |ℎ𝑙|. So, they have the same 
dimension. 

1.2. Hyperspherical harmonics 

To construct a Gegenbauer kernel for filtration on 
the hypersphere, one needs to clarify the concept of 
Gegenbauer polynomials, which we denote by 𝐶𝑙

𝛼 for 
degree 𝑙 and index 𝛼, expressible through 

hyperspherical Legendre polynomials {𝑃𝑙,𝑛(𝑥): 𝑙 =

0,1,2,⋯ }. 

 
Definition 1.1: The function Pl,n is hyperspherical 

Legendre polynomial of degree l in n dimension and 
it is given by: 
 

𝑃𝑙,𝑛(𝑡): = 𝑙! Γ(
𝑛−1

2
)∑

[
𝑙

2
]

𝑗=0 (−1)
𝑗 (1−𝑡2)𝑗𝑡𝑙−2𝑗

4𝑗𝑗!(𝑙−2𝑗)!Γ(𝑗+
𝑛−1

2
)
,   𝑡 ∈

[−1,1];                                                                                              (4) 
 

where [𝑥] is the smallest integer greater or equal to 
𝑥 ∈ ℝ. It is orthogonal with respect to the weight 

function (1 − 𝑥2)𝛼−
1

2 on the support interval [−1,1]. 
The Rodrigues representation of 𝑃𝑙,𝑛 is: 
 

𝑃𝑙,𝑛(𝑡) = (−1)
𝑙𝑅𝑙,𝑛(1 − 𝑡

2)
3−𝑛

2
𝑑𝑙

𝑑𝑡𝑙
(1 − 𝑡2)𝑙+

𝑛−3

2   with  𝑛 ≥ 2,  

                                                                                                            (5) 
 

where the Rodrigues constant 𝑅𝑙,𝑛 is given by: 
 

𝑅𝑙,𝑛 =
Γ(
𝑛 − 1
2

)

2𝑙Γ(𝑙 +
𝑛 − 1
2

)
. 

 

We remark that for 𝑛 = 3, one recovers from 5 
the standard Rodrigues representation formula for 
the standard Legendre polynomials as: 
 

𝑃𝑙,3(𝑡) =
1

2𝑙𝑙!
(
𝑑

𝑑𝑡
)𝑙(𝑡2 − 1)𝑙 , 𝑙 ∈ ℕ0.                                         (6) 

 

Moreover, Morimoto (1998) proved an integral 
representation of 𝑃𝑙,𝑛 to be: 
 

𝑃𝑙,𝑛(𝑡) =
|𝑆𝑛−3|

|𝑆𝑛−2|
∫
1

−1
[𝑡 + 𝑖(1 − 𝑡2)

1

2)𝑠]𝑙(1 − 𝑠2)
𝑛−4

2 𝑑𝑠;   𝑙 ∈

ℕ0, 𝑛 ≥ 3, 𝑡 ∈ [−1,1].                                                                   (7) 
 

We recall that 𝑃𝑙,𝑛(𝑡) ∈ ℋ𝑙(𝑆
𝑛) and note that the 

dimension, 𝑑𝑙(𝑛), of ℋ𝑙(𝑆
𝑛) is given by the formula: 

 

𝑑𝑙(𝑛) = (
𝑙 + 𝑛
𝑛

) − (
𝑙 + 𝑛 − 2
𝑛

) =
(2𝑙 + 𝑛 − 1)(𝑙 + 𝑛 − 2)!

𝑙! (𝑛 − 1)!
,

for  𝑙 ∈ ℕ. 
 

with index 𝛼 See e.g. (Avery, 2012; Atkinson and 
Han, 2012; Wong, 2006; Omenyi, 2014; Omenyi and 
Uchenna, 2019; Morimoto, 1998) for details. A 
generalization of 𝑃𝑙,𝑛 is the 𝑙 degree Gegenbauer 
polynomial, 𝐶𝑙

𝛼 , in index 𝛼 defined by: 
 

𝐶𝑙
𝛼(𝑡): = (

𝑙 + 2𝛼 − 1
     𝑙

)
Γ(𝛼+1/2)

√𝜋Γ(𝛼)
∫
1

−1
(𝑡 + 𝑖(1 − 𝑡2)𝑙/2𝑠)𝑙(1 −

𝑠2)𝛼−1𝑑𝑠, 𝛼 > 0, 𝑙 ∈ ℕ0.                                                              (8) 

2. Technical lemmas and basic assumptions 

In what follows, we briefly review basic technical 
lemmas and assumptions on hyperspherical 
harmonic polynomials that will lead us to the main 
result of this work. 
Lemma 2.1: (Addition lemma). Let {ψl,j: 1 ≤ j ≤

dl(n)} be an orthonormal basis of ℋl(S
n), i.e: 

 

∫𝑆𝑛 𝜓𝑙,𝑗(𝑥)𝜓̅𝑙,𝑚(𝑥)𝑑𝑉𝑔(𝑥) = 𝛿𝑗𝑚;   1 ≤ 𝑗,𝑚 ≤ 𝑑𝑙(𝑛).          (9) 

 

Then,  
 

∑𝑑𝑙(𝑛)
𝑗=1 𝜓𝑙,𝑗(𝑥)𝜓̅𝑙,𝑚(𝑦) =

𝑑𝑙(𝑛)

|𝑆𝑛|
𝑃
𝑙,
(𝑛−1)

2

(𝑥 ⋅ 𝑦).                        (10) 

 

For proof, one may see Omenyi and Uchenna 
(2019), Omenyi (2014), and Morimoto (1998). This 
means in particular that 𝑃𝑙,(𝑛−1)/2(𝑥 ⋅ 𝑦) is a 

harmonic function on 𝑆𝑛 with eigenvalue 𝜆𝑙 = 𝑙(𝑙 +
𝑛 − 1) for the eigenvalue problem: 
 
Δ𝑆𝑛𝑃𝑙,(𝑛−1)/2(𝜃) = 𝜆𝑙𝑃𝑙,(𝑛−1)/2(𝜃). 

 



Omenyi et al/International Journal of Advanced and Applied Sciences, 8(11) 2021, Pages: 1-9 

3 
 

Lemma 2.2 (Morimoto, 1998): The hyperspherical 
harmonic polynomials are orthogonal: 
 

∫𝑆𝑛 𝑃𝑙,𝑛(𝜉 ⋅ 𝜂)𝑃𝑗,𝑛(𝜉 ⋅ 𝜂)𝑑𝑉𝑛(𝜉) = {

|𝑆𝑛|

𝑑𝑙(𝑛)
if  𝑙 = 𝑗.

0 if  𝑙 ≠ 𝑗.
             (11) 

 

An interesting assumption comes from the 
projection of integrable function onto the space of 
spherical harmonics on the hypersphere. We make 
the following definition. 
 
Definition 2.3: A projection Fl,n of f ∈ L1(Sn−1) into 

𝒴l,n is defined to be: 
 

 (𝐹𝑙,𝑛𝑓)(𝜉): =
𝑑𝑙(𝑛)

|𝑆𝑛−1|
∫𝑆𝑛−1 𝑃𝑙,𝑛(𝜉 ⋅ 𝜂)𝑓(𝜂)𝑑𝑆𝑛−1(𝜂), 𝜂 ∈ 𝑆

𝑛−1.                                                                                                

(12) 
 

Assumption 2.4: If 𝑓 ∈ 𝐿2(𝑆𝑛−1) then for any 𝜉 ∈
𝑆𝑛−1 we have: 
 
||(𝐹𝑙,𝑛𝑓)||𝐿2(𝑆𝑛−1) ≤ ||𝑓||𝐿2(𝑆𝑛−1). 

 

Proof: Let 𝑓 ∈ 𝐿2(𝑆𝑛−1) and 𝜉 ∈ 𝑆𝑛−1 given, we have: 
 

|(𝐹𝑙,𝑛𝑓)(𝜉)|
2 ≤

𝑑𝑙(𝑛)

|𝑆𝑛−1|
∫
𝑆𝑛−1

|𝑃𝑙,𝑛(𝜉 ⋅ 𝜂)|
2𝑑𝑆𝑛−1(𝜂) ⋅

∫𝑆𝑛−1 |𝑓(𝜂)|
2𝑑𝑆𝑛−1(𝜂)  

||(𝐹𝑙,𝑛𝑓)||𝐿2(𝑆𝑛−1) ≤ √𝑑𝑙(𝑛)||𝑓||𝐿2(𝑆𝑛−1).  

 

Similarly, 
 

||(𝐹𝑙,𝑛𝑓)||𝐿2(𝑆𝑛−1) ≤ √
𝑑𝑙(𝑛)

|𝑆𝑛−1|
||𝑓||𝐿2(𝑆𝑛−1). 

 

These imply that ||(𝐹𝑙,𝑛𝑓)||𝐿2(𝑆𝑛−1) ≤

||𝑓||𝐿2(𝑆𝑛−1). The orthogonal decomposition of the 

hyperspherical harmonics 9 and the addition lemma 
2.1 imply that any 𝑓 ∈ 𝐿2(𝑆𝑛−1) can be uniquely 
represented as: 
 
𝑓(𝜉) = ∑∞𝑙=0 𝑓𝑙(𝜉);   with  𝑓𝑙 ∈ 𝒴𝑙,𝑛;  𝑙 ≥ 0.                              (13) 
 

We call 𝑓𝑙 ∈ 𝒴𝑙,𝑛 hyperspherical component of 𝑓 

given by: 
 

𝑓𝑙(𝜉) =
𝑑𝑙(𝑛)

|𝑆𝑛−1|
∫
𝑆𝑛−1

𝑓(𝜂)𝑃𝑙,𝑛(𝜉 ⋅ 𝜂)𝑑𝑆𝑛−1(𝜂);    𝜂 ≥ 0.        (14) 

 

Lemma 2.5 (Morimoto, 1998): The Gegenbauer 
function Cl

α is indeed a polynomial and has a 
representation in terms of the hyperspherical 
harmonics as: 
 

𝐶𝑙

𝑛−2

2 (𝑡): = (
𝑙 + 𝑛 − 3
            𝑙

) 𝑃𝑙,𝑛(𝑡);    for   𝑛 ≥ 3.                           (15) 

3. Results and discussion 

We now present the main results of this study. 
Let 𝑓 ∈ 𝐶(𝑆𝑛−1). We define: 
 

𝑓(𝜉):= ∫
𝑆𝑛−1

𝛿(1 − 𝜉 ⋅ 𝜂)𝑓(𝜂)𝑑𝑆𝑛−1(𝜂), 𝜉 ∈ 𝑆𝑛−1 

using a Dirac delta function 𝛿(𝑡) whose value is 
defined as: 
 

𝛿(𝑡):= {
0   if  𝑡 ≠ 0
+∞   if  𝑡 = 0.

 

 

and satisfies  
 

∫
𝑆𝑛−1

𝛿(1 − 𝜉 ⋅ 𝜂)𝑑𝑆𝑛−1(𝜂) = 1  ∀𝜉 ∈ 𝑆
𝑛−1. 

 

One can construct a sequence of kernel functions 
𝐺𝑙(𝑡) such that 𝐺𝑙(𝜉 ⋅ 𝜂) approaches 𝛿(1 − 𝜉 ⋅ 𝜂) and 
is such that for each 𝑙 ∈ ℕ, the function  
 

∫
𝑆𝑛−1

𝐺𝑙(𝜉 ⋅ 𝜂)𝑑𝑆𝑛−1(𝜂) 

 

is a linear combination of spherical harmonics of the 
order less than or equal to 𝑙. One possibility is to 

choose 𝐺𝑙(𝑡) proportional to 
(1+𝑡)𝑙

2𝑙
. Thus, we let: 

 

𝐺𝑙(𝑡) = 𝛼𝑙,𝑛(
1 + 𝑡

2
)𝑙 

 

where 𝛼𝑙,𝑛 is a scaling constant so that:  
 

∫𝑆𝑛−1 𝐺𝑙(𝜉 ⋅ 𝜂)𝑑𝑆𝑛−1(𝜂) = 1  ∀𝜉 ∈ 𝑆
𝑛−1.                                 (18) 

 

Proposition 3.1: The constant 𝛼𝑙,𝑛 is given by: 
 

𝛼𝑙,𝑛 =
(𝑙+𝑛−2)!

(4𝜋)
𝑛−1
2 Γ(𝑙+

𝑛−1

2
)
.                                                                 (19) 

 

Proof. From ∫
𝑆𝑛−1

(
1+𝑡

2
)𝑙𝑑𝑆𝑛−1(𝜂) =

|𝑆𝑛−1| ∫
1

−1
(
1+𝑡

2
)𝑙(1 − 𝑡2)

𝑛−3

2 𝑑𝑡 we deduce on change 

of variables: 𝑠 =
1+𝑡

2
 that: 

 

∫
𝑆𝑛−1

(
1 + 𝑡

2
)𝑙𝑑𝑆𝑛−1(𝜂) = 2

𝑛−2|𝑆𝑛−2|∫
1

0

𝑠𝑙+
𝑛−3
2 𝑑𝑠 

 

and from 2 we know that |𝑆𝑛−2| =
2𝜋

𝑛−1
2

Γ(
𝑛−1

2
)
. Moreover, 

 

∫
1

0

𝑠𝑙+
𝑛−3
2 (1 − 𝑠)

𝑛3
2 𝑑𝑠 = 𝛽(𝑙 +

𝑛 − 1

2
,
𝑛 − 1

2
)

=
Γ(𝑙 +

𝑛 − 1
2

)Γ(
𝑛 − 1
2

)

Γ(𝑙 + 𝑛 − 1)
. 

 

Thus, 
 

∫
𝑆𝑛−1

(
1 + 𝜉 ⋅ 𝜂

2
)𝑙𝑑𝑆𝑛−1(𝜂) = (4𝜋)

𝑛−1
2
Γ(𝑙 +

𝑛 − 1
2

)Γ(
𝑛 − 1
2

)

Γ(𝑙 + 𝑛 − 1)
. 

 

Therefore, 𝛼𝑙,𝑛 has the proposed value. 

Now we introduce a filtration operator 𝒢𝑙,𝑛 

defined as follows: 
 

(𝒢𝑙,𝑛𝑓)(𝜉):= 𝛼𝑙,𝑛∫
𝑆𝑛−1

(
1 + 𝜉 ⋅ 𝜂

2
)𝑙𝑓(𝜂)𝑑𝑆𝑛−1(𝜂),

∀𝑓 ∈ 𝐶(𝑆𝑛−1). 
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We express (𝒢𝑙,𝑛𝑓)(𝜉) as a linear combination of 

spherical harmonics of the order less than or equal 
to 𝑙. To do this, write: 

𝛼𝑙,𝑛(
1+𝑡

2
)𝑙 = ∑𝑙𝑘=0 𝜇𝑙,𝑘,𝑛

𝑑𝑙(𝑛)

|𝑆𝑛−1|
𝑃𝑙,𝑛(𝑡)                                          (20) 

 

and thus from 15: 
 

𝛼𝑙,𝑛(
1+𝑡

2
)𝑙 = ∑𝑙𝑘=0 𝜇𝑙,𝑘,𝑛𝐶𝑙

𝑛−2

2 (𝑡).                                                    (21) 

 

To determine the coefficients {𝜇𝑙,𝑘,𝑛}𝑘=0
𝑙 , we 

multiply both sides by the function: 
 

𝑃𝑗,𝑛(𝑡)(1 − 𝑡
2)

𝑛−3

2 , 0 ≤ 𝑗 ≤ 𝑙,  

 

integrate from 𝑡 = −1 to 𝑡 = 1 and use the 
orthogonality condition of 𝑃𝑙,𝑛 to obtain: 
 

𝜇𝑙,𝑘,𝑛 = 𝛼𝑙,𝑛|𝑆
𝑛−2|∫

1

−1

(
1 + 𝑡

2
)𝑙𝑃𝑙,𝑛(𝑡)(1 − 𝑡

2)
𝑛−3
2 𝑑𝑡. 

 

Computing this following the same procedure as 
in the derivation of 𝛼𝑙,𝑛 we get  
 

𝜇𝑙,𝑘,𝑛 =
𝑙! (𝑙 + 𝑛 − 2)!

(𝑙 − 𝑗)! (𝑙 + 𝑗 + 𝑛 − 2)!
. 

 

So we have the definition of Gegenbauer filtering 
given by  
 

(𝒢𝑙,𝑛𝑓)(𝜉) = ∑
𝑙
𝑘=0 𝜇𝑙,𝑘,𝑛(𝐹𝑙,𝑛𝑓)(𝜉)                                             (22) 

 

where 𝐹 is the projector defined in 12. In order 
words, 𝒢𝑙,𝑛 is a linear combination of spherical 
harmonics of the order less or equal to 𝑙. We also 
observe that for 𝑡 ∈ [−1,1),: 
 

lim
𝑙→∞

(𝛼𝑙,𝑛(
1 + 𝑡

2
)𝑙) = 0. 

 

Now we state and prove one of the main results 
of this study. 
 
Theorem 3.2: The Gegenbauer filtration operator 
𝒢𝑙,𝑛 is complete. That is, let 𝑓 ∈ 𝐶(𝑆𝑛−1) then 
𝑙𝑖𝑚𝑙→∞||𝒢𝑙,𝑛𝑓 − 𝑓||𝐶(𝑆𝑛−1) = 0. 

 
Proof. Using modulus of continuity, we have: 
 
𝜔(𝑓; 𝛿): = sup{|𝑓(𝜉) − 𝑓(𝜂)|: 𝜉, 𝜂 ∈ 𝑆𝑛−1, |𝜉 − 𝜂| ≤ 𝛿},

𝛿 > 0, 
 

and since 𝑓 ∈ 𝐶(𝑆𝑛−1), we have that 𝜔(𝑓; 𝛿) → 0 as 
𝛿 → 0. Denote: 
 
𝑀:= sup{|𝑓(𝜉) − 𝑓(𝜂)|: 𝜉, 𝜂 ∈ 𝑆𝑛−1, |𝜉 − 𝜂| ≤ 𝛿} < ∞. 
 

Let 𝜉 ∈ 𝑆𝑛−1 be arbitrary but fixed. Using (18), we 
have: 
 

 (𝒢𝑙,𝑛𝑓)(𝜉) − 𝑓(𝜉) = 𝛼𝑙,𝑛 ∫𝑆𝑛−1 (
1+𝜉⋅𝜂

2
)𝑙[𝑓(𝜂) −

𝑓(𝜉)]𝑑𝑆𝑛−1(𝜂) = 𝐼1(𝜉) + 𝐼2(𝜉),  
 

where, 

𝐼1(𝜉) = 𝛼𝑙,𝑛∫
𝜂∈𝑆𝑛−1:|𝜉−𝜂|≤𝛿

(
1 + 𝜉 ⋅ 𝜂

2
)𝑙[𝑓(𝜂)

− 𝑓(𝜉)]𝑑𝑆𝑛−1(𝜂) 
 

and,  
 

𝐼2(𝜉) = 𝛼𝑙,𝑛∫
𝜂∈𝑆𝑛−1:|𝜉−𝜂|>𝛿

(
1 + 𝜉 ⋅ 𝜂

2
)𝑙[𝑓(𝜂)

− 𝑓(𝜉)]𝑑𝑆𝑛−1(𝜂). 
 

we bound each term as follows. 
 

𝐼1(𝜉) ≤ 𝜔(𝑓; 𝛿)𝛼𝑙,𝑛∫
𝑆𝑛−1

(
1 + 𝜉 ⋅ 𝜂

2
)𝑙𝑑𝑆𝑛−1(𝜂) = 𝜔(𝑓; 𝛿) 

 

and, 
 

𝐼2(𝜉) ≤ 𝑀𝛼𝑙,𝑛|𝑆
𝑛−1|(1 −

𝛿2

2
)𝑙 . 

 

In bounding 𝐼2(𝜉), we used the relation  
 

|𝜉 − 𝜂| > 𝛿𝜉 ⋅ 𝜂 < 1 −
𝛿2

2
 

 

for 𝜉, 𝜂 ∈ 𝑆𝑛−1. Thus, for any 𝛿 ∈ (0,1), applying 
Theorem 3.2, we have: 
 
limsup
𝑙→∞

||𝒢𝑙,𝑛𝑓 − 𝑓||𝐶(𝑆𝑛−1) ≤ 𝜔(𝑓; 𝛿). 

 

note that 𝜔(𝑓; 𝛿) → 0 as 𝛿 → 0. So the statement 
holds. 

Using the operator 22, we can recast Theorem 3.2 
as 3.3 below. 
 
Theorem 3.3:  For any 𝑓 ∈ 𝐶(𝑆𝑛−1),  
 

𝑓(𝜉) = limsup
𝑙→∞

∑

𝑙

𝑘=0

𝜇𝑙,𝑘,𝑛(𝒢𝑘,𝑛𝑓)(𝜉) 

 

uniformly in 𝜉 ∈ 𝑆𝑛−1. If 𝒢𝑘,𝑛𝑓 = 0 for all 𝑙 ∈ ℕ0, then 

𝑓 must be the zero function. 
Theorem 3.3 and the orthogonality of the 

hyperspherical polynomials imply that {𝒴𝑙
𝑛: 𝑙 ∈ ℕ0} 

is the only system of source spaces in 𝐶(𝑆𝑛−1) since 
any primitive space not identical to one in 𝒴𝑙

𝑛 , 𝑙 ∈
ℕ0 is orthogonal to all and is therefore trivial. 

The inner product of two complex-valued 
functions on the surface of 𝑆𝑛−1 is: 
 

〈𝑓, ℎ〉𝑆𝑛−1 = ∫
𝑆𝑛−1

𝑓(𝜉, 𝜂)ℎ(𝜉, 𝜂)∗𝑑𝑆𝑛−1(𝜂) 

 

where ∗ denotes complex conjugation. Using the fact 
that the Gegenbauer filtration is rotation invariant 
over 𝑆𝑂(𝑛), one can move ℎ to any point (𝜉0, 𝜂0) ∈
𝑆𝑛−1. Then we define a generalized convolution as a 
function on the rotation group 𝑆𝑂(𝑛) to be: 
 

(ℎ ∗ 𝑓)(𝑅) = ∫
𝑆𝑛−1

𝑓(𝜉, 𝜂)ℎ𝑅(𝜉, 𝜂)
∗𝑑𝑆𝑛−1(𝜂) 
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for 𝑅 ∈ 𝑆𝑂(𝑛) and where ℎ𝑅  is ℎ rotated by 𝑅 
defined as ℎ𝑅(𝐴) = ℎ(𝑅

−1𝐴). Thus, every well-
behaved function 𝑓 ∈ 𝐿2(𝑆𝑛−1) admits the expansion  
 

𝑓(𝜉, 𝜂) = ∑

∞

𝛼=0

∑

𝑙,𝑚

𝑓𝑙,𝑚(𝜉, 𝜂)𝐶𝑙
𝛼(𝜉, 𝜂) 

 

where the generalized Fourier transform on the 

surface of the hypersphere 𝑓𝑙,𝑚 is defined to be: 
 

𝑓𝑙,𝑚(𝜉) = ∫
𝑆𝑛−1∋𝜂∈𝑆𝑂(𝑛)

𝑓(𝑅)𝜌𝑙,𝑚(𝑅)𝑑𝑆𝑛−1(𝜂). 

 

Here, 𝜌(𝑅) is a function on 𝑆𝑂(𝑛) containing fixed 
matrix-valued functions called the irreducible 
representations of 𝑆𝑂(𝑛). 

As a consequence of 12, we observe that for a 
suitable 𝜓, we have: 
 

(𝐹𝑙,𝑛𝜓)(𝜉) =
𝑑𝑙(𝑛)

|𝑆𝑛−1|
∫
𝑆𝑛−1

𝑃𝑙,𝑛(𝜉 ⋅ 𝜂)𝜓(𝜂)𝑑𝑆𝑛−1(𝜂) 

=
𝑑𝑙(𝑛)

|𝑆𝑛−1|

|𝑆𝑛−1|

𝑑𝑙(𝑛)
𝜓𝑙(𝜉) = ∑

𝑑𝑙(𝑛)

𝑗=1

〈𝜓𝑙 , 𝜓𝑙,𝑗〉𝑆𝑛−1𝜓𝑙,𝑗(𝜉) 

⇒ (𝐹𝑙,𝑛𝜓)(𝜉) = ∑
𝑑𝑙(𝑛)
𝑗=1 𝜓̂𝑙𝜓𝑙,𝑗(𝜉).                                            (23) 

 

This leads to another interesting result of this 
work that Gegenbauer filtration on 𝑆𝑛−1 coincides 

with convolution on 𝑆𝑛−1. Particularly, the 
convolution of two functions on the hypersphere 
equals the multiplication of their Fourier 
coefficients. This is the next Theorem 3.4. 
 
Theorem 3.4: Let 𝑓, ℎ ∈ 𝐿2(𝑆𝑛−1) and 𝒢𝑙,𝑛 the 

Gegenbauer filtration operator. Then the spectrum of 
the Gegenbauer kernel convolution is given by: 
 

𝑓 ∗ ℎ̂(𝑙, 𝛼) = √
Γ(𝑙+𝑛−2)(2𝑙+𝑛−2)

𝑙!Γ(𝑛−1)
𝑓(𝑙, 𝛼)ℎ̂(𝑙, 0).                         (24) 

 

A special case of this property has been proved 
for the special case of convolutions on 𝑆2, see e.g. 
(Driscoll and Healy, 1994; Bulow, 2004; Bezubik and 
Strasburger, 2006). We get proof for this 
generalization on the hypersphere, 𝑆𝑛−1. 
 
Proof. Since 𝑓, ℎ ∈ 𝐿2(𝑆𝑛−1) and by definition of the 
Gegenbauer filtration, 
 

𝑓 ∗ ℎ̂(𝑙, 𝛼) = ∫
𝑆𝑛−1

𝑓 ∗ ℎ(𝜉)𝒢𝑙,𝑛(𝜉)𝑑𝑆𝑛−1(𝜉)

= ∫
𝑆𝑛−1

(∫
𝑆𝑂(𝑛)

𝑓(𝑅𝜂)ℎ(𝑅−1𝜉)𝑑𝑅)𝒢𝑙,𝑛(𝜉)𝑑𝑆𝑛−1(𝜉). 

 

After rearranging the integrals and using lemma 
(2.2) we get: 

  

𝑓 ∗ ℎ̂(𝑙, 𝛼) = ∫
𝑆𝑂(𝑛)

(∫
𝑆𝑛−1

ℎ(𝑅−1𝜉)(𝐹𝑙,𝑛)(𝐹𝑗,𝑛)𝐶𝑙
𝛼𝐶𝑗

𝛼(𝜉)𝑑𝑆𝑛−1(𝜉))𝑓(𝑅𝑁)𝑑𝑅 

  
 

where 𝑁 is the north pole. This implies that from the 
addition Lemma 2.1, 
  

𝑓 ∗ ℎ̂(𝑙, 𝛼) = ∫
𝑆𝑂(𝑛)

𝑓(𝑅𝑁)(∫
𝑆𝑛−1

ℎ(𝑅−1𝜉) ∑

|𝑗|≤𝑑𝑙(𝑛)

𝑑𝑙(𝑛)𝐶𝑗
𝛼(𝑅𝜉)𝐹𝑗,𝑛(𝑅

−1𝜉)𝑑𝑆𝑛−1(𝜉))𝐶𝑙
𝛼(𝑅−1𝜉)𝑑𝑅 

  
 

which is 0 unless 𝛼 = 0. This follows since the 
measure on 𝑆𝑂(𝑛) is rotation-invariant. 
Therefore,  
 

𝑓 ∗ ℎ̂(𝑙, 𝛼) = ∫
𝑆𝑂(𝑛)

𝑓(𝑅𝑁)𝐶𝑙
𝛼(𝑅−1𝜉)𝑑𝑅ℎ̂(𝑙, 0). 

 

Finally using the relationship between 𝐶𝑙
𝛼 and the 

hyperspherical harmonics 𝑃𝑙,𝑛  expressed in 15, we 

conclude that 24 holds. 
In computing a fundamental solution, 𝑢𝑙  say, of 

Laplace’s equation on 𝑆𝑛 we know that: 
 
Δ𝑆𝑛−1𝑢𝑙(𝜉, 𝜉′) = 𝛿(𝜉, 𝜉′),                                                       (25) 
 

where 𝛿(𝜉, 𝜉′) is the Dirac delta distribution on the 
manifold 𝑆𝑛. The Dirac delta distribution on the 
Riemannian manifold 𝑆𝑛 is defined for an open set 
𝑈 ⊂ 𝑆𝑛 with 𝜉, 𝜉′ ∈ 𝑆𝑛 such that: 
 

∫
𝑈

𝛿(𝜉, 𝜉′)𝑑𝑉𝑛 = {
1  if  𝜉′ ∈ 𝑈,

0  if  𝜉′ ∉ 𝑈.
 

 

Using the standard hyperspherical coordinates 
(1) on 𝑆𝑛, the Dirac delta distribution is given by  
 

𝛿(𝜉, 𝜉′) =
𝛿(𝜃𝑛−1−𝜃′𝑛−1)𝛿(𝜃1−𝜃1′)𝛿(𝜃3−𝜃3′)⋯𝛿(𝜃𝑛−3−𝜃𝑛−3′)

sin𝑛−1𝜃′𝑛−2sin𝜃′𝑛−3⋯sin
𝑛−3𝜃′𝑛−2

.      (26) 

 

This gives us another main result of this work as 
the next Theorem. 

 
Theorem 3.5: The Gegenbauer harmonics Cl

ν are 
complete and there exists a fundamental solution ψ 
of the spherical Laplace-Beltrami Eq. 16 on Sn which 
admits Gegenbauer filtering.  
 
Proof. The completeness relation for hyperspherical 
harmonics in standard hyperspherical coordinates 1 
follows from their orthogonality: 
 

∑

∞

𝑙=0

∑

𝜈

𝐶𝑙
𝜈(𝜃1, 𝜃2, ⋯ , 𝜃𝑛−1)𝐶𝑙

𝜈(𝜃′1 , 𝜃′2,⋯ , 𝜃′𝑛−1)

=
𝛿(𝜃1 − 𝜃′1)𝛿(𝜃2 − 𝜃′2)⋯𝛿(𝜃𝑛−1 − 𝜃′𝑛−1)

sin𝑛−2𝜃′𝑛−1⋯sin𝜃′2
. 
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Therefore, through 26, we can write, 
 
𝛿(𝜉, 𝜉) =
𝛿(𝜃−𝜃′)

sin𝑛−1𝜃′
∑∞𝑙=0 ∑𝜈 𝐶𝑙

𝜈(𝜃1, 𝜃2, ⋯ , 𝜃𝑛−1)𝐶𝑙
𝜈(𝜃′1, 𝜃′2, ⋯ , 𝜃′𝑛−1).  

                                                                                                             (27) 
 

Moreover since 𝒢𝑙,𝑛 is harmonic on its domain for 
fixed 𝜃1, 𝜃2, 𝜃3, ⋯ , 𝜃𝑛−2 ∈ [0, 𝜋], its restriction is in 
𝐶2(𝑆𝑛−1) and therefore has a unique expansion in 
hyperspherical harmonics, namely  
 
(𝒢𝑙,𝑛 ∗ 𝐶𝑙

𝜈)(𝜉, 𝜉′) =
∑∞𝑙=0 ∑𝜈 𝑢𝑙

𝜈(𝜃1, 𝜃2, ⋯ , 𝜃𝑛−1)𝐶𝑙
𝜈(𝜃1, 𝜃′1, ⋯ , 𝜃′𝑛−2),  

                                                                                                            (28) 

where 𝑢𝑙
𝜈: [0, 𝜋]𝑛 → ℂ. Furthermore, substitute 27, 

28 into 25 and use the definition of Δ𝑆𝑛  satisfying 17 
to obtain: 

∑∞𝑙=0 ∑𝜈 𝐶𝑙
𝜈(𝜃1, 𝜃2, ⋯ , 𝜃𝑛−1)[

𝜕2

𝜕𝜃2
+ (𝑛 −

1)
𝜕

𝜕𝜃

𝑙(𝑙+𝑛−2)

sin2𝜃
]𝜓𝑙

𝜈(𝜃, 𝜃′, 𝜃′2, ⋯ , 𝜃′𝑛−1)  

= ∑∞𝑙=0 ∑𝜈 𝜓𝑙
𝜈(𝜃1, 𝜃2, ⋯ , 𝜃𝑛−1)𝐶𝑙

𝜈(𝜃1, 𝜃′1, ⋯ , 𝜃′𝑛−1)
𝛿(𝜃−𝜃′)

sin𝑛−1𝜃′
.  

 

This indicates the existence of 𝜓𝑙: [0, 𝜋]
2 → ℝ 

such that  
 

𝜓𝑙
𝜈(𝜃1, 𝜃2, ⋯ , 𝜃𝑛−1) = 𝜓𝑙(𝜃, 𝜃′)𝐶𝑙

𝜈(𝜃′1, 𝜃′2, ⋯ , 𝜃′𝑛−1). 
 

From 28, the expression for a fundamental 
solution of the Laplace-Beltrami operator in 
standard hyperspherical coordinates on the 
hypersphere is therefore given by: 

  

𝒢𝑙,𝑛 ∗ 𝜓(𝜉, 𝜉′) = ∑
∞
𝑙=0 ∑𝜈 𝜓𝑙(𝜃, 𝜃′) ∑𝜈 𝐶𝑙

𝜈(𝜃1, 𝜃′1, ⋯ , 𝜃′𝑛−1)𝐶𝑙
𝜈(𝜃′1, ⋯ , 𝜃′𝑛−1) = 𝑢𝑙 .                                                      (29) 

  
 

Using the addition theorem for hyperspherical 
harmonics, Eq. 29 can now be simplified. 

Therefore, 
 

𝒢𝑙,𝑛 ∗ 𝜓(𝜉, 𝜉′) =
Γ(
𝑛

2
)

2𝜋
𝑛
2(𝑛−2)

∑∞𝑙=0 𝜓𝑙(𝜃𝑛−1, 𝜃𝑛−1′)(2𝑙 + 𝑛 −

2)𝐶𝑙

𝑛

2
−1
(cos𝛾)  

 

where 𝛾 is the geodesic angle between 𝜉 and 𝜉′. 
As an application, consider the Cauchy wave 

problem: 
 
𝑢𝑡𝑡 = 𝑢𝑥𝑥;   𝑥 ∈ ℝ, 𝑡 > 0 

𝑢(𝑥, 0) = 𝑓(𝑥) = {
𝑥 if  0 ≤ 𝑥 < 1,
2 − 𝑥 if  1 ≤ 𝑥 ≤ 2,
0 if otherwise;

 

𝑢𝑡(𝑥, 0) = 𝑔(𝑥) = 0. 
 

By the d’Alembert formula, (Pinchover and 
Rubinstein, 2005), 
 

𝑢(𝑥, 𝑡) =
1

2
𝑓(𝑥 + 𝑡) +

1

2
𝑓(𝑥 − 𝑡). 

 

With the aid of MATHEMATICA, we compute and 
plot the Gegenbauer filtration of 𝑢 at 𝑡 = 1 and 𝑡 = 2 
using the synthesized product of the real parts of 
𝐶2
1(𝑡) and 𝑌2,1(𝑡, 𝜙) shown in Fig. 1. 

 

 
Fig. 1: The synthesized smoothing kernel 𝐶2

1(𝑡) ∗ 𝑌2,1(𝑡, 𝜙) 
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Fig. 1 is the synthesized smoothing kernel 𝐶2
1(𝑡) ∗

𝑌2,1(𝑡, 𝜙). 
For 𝑡 = 1, 

 

𝑢(𝑥, 1) =

{
 
 

 
 
1

2
(𝑥 + 1) if  − 1 ≤ 𝑥 < 0,

1

2
(1 − 𝑥) if  0 ≤ 𝑥 ≤ 1,

0 if otherwise

+

{
 
 

 
 
1

2
(𝑥 − 1) if  1 ≤ 𝑥 < 2,

1

2
(3 − 𝑥) if  2 ≤ 𝑥 ≤ 3,

0 if otherwise.

 

 

and so we have the profile sketch as Figs. 2A, 2B, and 
2C. 

Fig. 2 are the wave profile at 𝑡 = 1, the 
synthesised profile at 𝑡 = 1 and Gegenbauer 
convolved output respectively. For 𝑡 = 2,: 
 

𝑢(𝑥, 2) =

{
 
 

 
 
1

2
(𝑥 + 2) if  − 2 ≤ 𝑥 < −1,

1

2
(−𝑥) if  − 1 ≤ 𝑥 ≤ 1,

0 if otherwise

+

{
 
 

 
 
1

2
(𝑥 − 1) if  2 ≤ 𝑥 < 3,

1

2
(3 − 𝑥) if  3 ≤ 𝑥 ≤ 4,

0 if otherwise.

 

 

and so we have the profile sketch as Figs. 3A, 3B and 
3C. 

 

 
A 

 
B 

 
C 

Fig. 2: Profile sketch 
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A 

 
B 

 
C 

Fig. 3: Gegenbauer convolved output profile sketch 
 

The captions Fig. 3 are the wave profile at t = 2, 
the synthesized profile at t = 2 and the Gegenbauer 
convolved output, respectively. 

4. Conclusion 

We studied the Gegenbauer kernel filtration of 
harmonic functions on the hypersphere. We showed 
that under the filtration, an explicit expression for 
the fundamental solution of a Laplace-type operator 
on a Riemannian manifold can be constructed. A 
demonstration of the Gegenbauer filtration kernel 
with a closed-form fundamental solution was shown. 
This brings to the limelight an extension of signal 
processing methods on Euclidean spaces to non-
Euclidean spaces of higher dimensions such as 
closed Riemannian manifolds, for example, the 
hypersphere. 
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