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ABSTRACT

In this paper, we present an explicit formula to find square roots of a
tridiagonal Toeplitz matrix, and we show that these square roots have the
form of a persymmetric matrix with examples to illustrate.
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1. Introduction

The tridiagonal Toeplitz matrix A is illustrated
below:

A= with a#0 and c# 0

¢ b/ axn

(1.1)

This type of matrix is used in several different
fields of applications, such as a solution of ordinary
and partial differential equations, time series
analysis, and regularization matrices in Tikhonov
regularization for the solution of discrete ill-posed
problems. It is, therefore, important to understand
the properties of this type of matrix (Noschese et al.,
2013).

Yuttanan and Nilrat (2005) gave an answer to the
question of which matrices have an nt" root for any
positive integer n and which have an n** root only
for some positive integer n. As a special case the
diagonalizable matrices always have the n*" roots.

In Section 2 and through the work of Salkuyeh
(2006) about positive integer powers of the
tridiagonal Toeplitz matrices, we give a method to
calculate square roots of this type of matrix with

* Corresponding Author.
Email Address: krim.ismaiel@yahoo.fr (I. Krim)
https://doi.org/10.21833/ijaas.2020.07.011

Corresponding author's ORCID profile:
https://orcid.org/0000-0003-3033-512X
2313-626X/© 2020 The Authors. Published by IASE.
This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

92

proof the form of the square root in section 3 with
examples to illustrate.

2. The square root of tridiagonal Toeplitz
matrices

In this section, we will give an explicit statement
to the square root of the tridiagonal Toeplitz matrix,
and we start with present some important results.

Theorem 1: Let B be a complex matrix of order m. If
B is diagonalizable, then B has an n** root for any
positive integer n.

Proof: see Yuttanan and Nilrat (2005).

As a special case, the matrix B has a square root,
i.e., there exists a matrix R such thatt R?=B
(Yuttanan and Nilrat, 2005).

Lemma 1: Let A be a tridiagonal Toeplitz matrix

defined in (1.1), the eigenvalues and eigenvectors of
A are given by,

- < Jr
Ai=b+ ZaJ; cos (n+1) (2.1)
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Moreover, the matrix A is diagonalizable, i.e.,
there exists an invertible matrix P such that:

A=PDpP? (2.3)

with,

P=0x X Xn) and D=diag(ll Ay A
(2.4)

Proof: See Meyer (2000).

Using (2.1), (2.2), (2.3), and theorem (1), we can
give an explicit expression for a square root of the
matrix defined in (1.1) (Meyer, 2000).

From the work of Salkuyeh (2006), we have:

p-1 = p-1p-1 (2.5)
pi=2p (2:6)
with
pedng(© (F - ()= w o w
in which
PN N
D = s (5 ()" ()
sin (%)
i sin (T%Z)
% =1 sin (%) (2.7)
\sin (:—Jﬁ)/
R= pPVDP!
= PVDP~D! using (2.5)
= %P\/_ﬁf) using (2.6)

using (2.2) and (2.7), the relation (2.8) is obtained.

Example 1: Let:

2 10
A=(2 2 1
0 2 2

be a tridiagonal Toeplitz matrix with a =1, b = 2,
¢ = 2. By using lemma (1) and (2.1), we have 4, = 4,
A, = 2,253 = 0. Then from theorem (2), we have:

Z \/-_Sll’l

i-j=2 ikm jkm
rj=(2) 2

n+1

sm , i,j=123

then we have:

For more details, See Salkuyeh (2006).

Theorem 2: Let A be a tridiagonal Toeplitz matrix
defined in (1.1), then a square root R = (rij) of A is
given by,

i-j
n+1( )2 yu_ 1\/—sm—smﬁ (2.8)

where

Aj =b+2afcos(]+1)

Proof: From (2.3), the matrix A defined in (1.1) is
diagonalizable. From theorem (1), there exists a
matrix R such that: R? = A.

Let:

VD = dia.g(\//l—1 \//1—2 \/A_n) (2.9)
Therefore, we have:
R = PVDP! (2.10)

where P and P! were defined in (2.4) and (2.5).
Hence,

R2 =p/DP-1pVDP 1 =pPDpP1=4

and,
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3. Structure of square root of tridiagonal Toeplitz
matrices

—

In this section, we prove that the square root of
the tridiagonal Toeplitz matrix defined in (2.8) takes
the form of a persymmetric matrix.

Let’s start with the definition of a persymmetric
matrix.

Definition 1: Let: A = (a;;) be an n X n matrix. A is
said to be a persymmetric matrix if it is symmetric
across its lower-left to upper-right diagonal:
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for

Qi j = Ap_jy1in-i+1 Lj=1,,n

For example, 6-by-6 persymmetric matrices are
of the form:

Theorem 3: The square root R = (rij) of tridiagonal

Toeplitz matrices defined in (2.8) is a persymmetric
matrix:

a1 Q2 Gq3 Qs Q45 Qge Tij =Tn-jein-iv1 Sor i,j €{1,2,--,n} (3.1)
a a a a a a
ail aiz azz a24 ais als Proof: To prove (3.1), you must note the following:
A= ! * v sin(@) if k=2p+1
Q41 Q42 Q43 A3zz A3 413 . = { . .
As1 Qsp Q4 Gzp Gpp Qo Sln(kn' - 0) _Sln(G) lf k= Zp (3.2)
(g, Qsq Qg4 Q31 dp1 Qg1 = (—=1)**sin(6) vk €N
Now by using (2.8), we have:
n—j+1-n+i-1 ( ) ( )
_ 2 (¢ 2 _ s n—j+1)km\ . n—i+1)kn
Tn—j+in-i+1 = 77 (3 k=1]nk Aksm( n+1 )Sln( n+1 )
i-J
=2 (Nzyn 7 g _ JkmY o _ km
T n+t (a) Zk:l A sin (kﬂ n+1) sin (kn n+1)
i-J
2 (c\ 2z . jkm . ikm .
=— (Z) 2 yn JA (=1)**sin (m) (—=1)k+1sin (m) using (3.2)

—rij
Example 2: Let:
3 1
2 3 1
B=
2 3 1
2 3
By using (2.8), we have:
1.6740 0.3109 —0.0316 0.0059
R ~ 0.6218 1.6108 0.3226 —0.0316
—0.1266 0.6453 1.6108 0.3109
0.0470 —0.1266 0.6218 1.6740

Observe that R is a persymmetric matrix.
4. Conclusion

Based on this article, we obtain a formula for
calculating a square root of a tridiagonal Toeplitz
matrix, which is diagonalizable. The reader can find
other properties and other square roots of other
diagonalizable matrices with the same method we
used.
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