International Journal of Advanced and Applied Sciences, 7(7) 2020, Pages: 75-82

W %‘@% Contents lists available at Science-Gate

International Journal of Advanced and Applied Sciences

gé*

5 Y
g l&\ ,J%
H J.r J_l

Journal homepage: http://www.science-gate.com/IJAAS.html

)

¥
A

A study on ordered AG-groupoids by their fuzzy interior ideals

CrossMark

+clickor updates

Nasreen Kausar ! *, Meshari Alesemi 2, Salahuddin 2, Mohammad Munir 3

1Department of Math and Stat, University of Agriculture Faisalabad, Faisalabad, Pakistan

2Department of Mathematics, Jazan University, Jazan, Saudi Arabia

3Department of Mathematics, Government Postgraduate College, Abbottabad, Pakistan

ARTICLE INFO

ABSTRACT

Article history:

Received 23 December 2019
Received in revised form

2 April 2020

Accepted 20 April 2020

Keywords:

Fuzzy left ideal

Fuzzy right ideal

Fuzzy interior ideals

Regular ordered AG-groupoid

identity.

The purpose of this paper is to study the different classes of ordered AG-
groupoids by using fuzzy left (resp. right, interior) ideals. Particularly, we
illustrate regular (resp. right regular, left regular, (2, 2)-regular, weakly
regular and intra-regular) ordered AG-groupoids in terms of fuzzy left (resp.
right, interior) ideals. In this regard, we show that in (regular, right regular,
weakly regular) ordered AG-groupoids, the concept of fuzzy (interior, two-
sided) ideals coincide. The concept of fuzzy (interior, two-sided) ideals
coincide in ((2,2), left, intra-) regular ordered AG-groupoids with left
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1. Introduction

In 1972, a generalization of commutative
semigroup had been established by Kazim and
Naseeruddin (1977). In ternary commutative law:
abc = cba, they introduced braces on the left side of
this law and explored a new pseudo associative law,
that is (ab)c = (cb)a. This they called the left
invertive law. A groupoid S is said to be left almost
semigroup (abbreviated as LA-semigroup) if it
satisfies the left invertive law: (ab)c = (cb)a.
Holgate (1992) has called the same structure as left
invertive groupoid. This structure is also known as
Abel-Grassmann's groupoid (abbreviated as AG-
groupoid). In fact, an AG-groupoid is a non-
commutative and non-associative semigroup. It is a
midway structure between a commutative
semigroup and a groupoid. Ideals in AG-groupoids
have been investigated by Mushtaq and Yusuf
(1978). A groupoid S is said to be medial (resp.
paramedial) if  (ab)(cd) = (ac)(bd) (resp.
((ab)(cd) = (db)(ca)). An AG-groupoid is medial,
but in general, an AG-groupoid needs not to be
paramedial. Every AG-groupoid with left identity is
paramedial and also satisfies a(bc) =
b(ac), (ab)(cd) = (dc)(ba).

Algebraic structures play a prominent role in
mathematics with wide-ranging applications in
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many disciplines such as theoretical physics,
computer sciences, control engineering, information
sciences, coding theory, topological spaces, and the
like. Although semigroups concentrate on theoretical
aspects, they also include applications in error-
correcting codes, control engineering, formal
language, computer science, and information science.

Algebraic  structures, especially  ordered
semigroups play a prominent role in mathematics
with wide-ranging applications in many disciplines
such as control engineering, computer arithmetics,
coding theory, sequential machines, and formal
languages.

(S,-,<) is an ordered semigroup and A € S, we
denote by (4], the subset of S defined as follows:
(Al ={s €S : s <aforsomea € A}. A non-empty
subset A of S is called a subsemigroup of S if A2 € A.

The notions of ideals play a crucial role in the
study of (ring, semi-ring, near-ring, semigroup,
ordered semigroup) theory, etc.

A non-empty subset A of S is called a left (resp.
right) ideal of § if the following hold (1) SAc A
(resp. ASS A).(2)Ifa€ Aand b € S such that b <
a implies b € A. Equivalent definition: A is called a
left (resp. right) ideal of S if (A] € A and SAC A
(resp. AS € A). A non-empty subset 4 of S is called
an interior ideal of S if (1) SAS € A. (2) If a € A and
b € S suchthatb < aimplies b € A.

An ordered semigroup S is said to be regular if,
for every a € S, there exists x € S such that a < axa.
Equivalent definitions are as follows: (1) A S (ASA]
forevery A € S. (2) a € (aSa] foreverya € S.

An ordered semigroup S is said to be (2,2)-
regular, if for every a € S, there exists x € S such
that a < a?xa?Equivalent definitions are as follows:
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(1) A € (A%5A?] for everyAC S. (2) a € (a?Sa?]
for every a € S.

An ordered semigroup S is said to be weakly
regular, if for every a € S, there exist x,y € § such
that a < axay. Equivalent definitions are as follows:
(1) A € ((AS)?] forevery A € S. (2) a € ((aS)?] for
every a € S.

An ordered semigroup S is an intra-regular, if for
every a € S there exist x,y € S such that a < xa®y.
Equivalent definitions are as follows: (1) A € (SA2S]
forevery A S S. (2) a € (Sa2S] foreverya € S.

We define fuzzy left (resp. right, interior) ideals in
ordered AG-groupoids, basically, an ordered AG-
groupoid is non-commutative and non-associative
ordered semigroup.

In this present paper, we characterize regular
(resp. right regular, left regular, (2, 2) -regular,
weakly regular, and intra-regular) ordered AG-
groupoids in terms of fuzzy left (resp. right, interior)
ideals. In this regard, we prove that in regular, right
regular, weakly regular) ordered AG-groupoids, the
concept of fuzzy (interior, two-sided) ideals coincide.
The concept of fuzzy (interior, two-sided) ideals
coincide in ((2, 2) left, intra-) regular ordered AG-
groupoids with left identity.

2. Preliminaries

By Shah and Kausar (2014), an ordered AG-
groupoid S, is a partially ordered set, at the same
time, an AG-groupoid such that a < b, implies ac <
bc and ca < c¢b for all a,b,c € S. Two conditions are
equivalent to the one condition (ca)d < (cb)d for all
a,b,c,d € S. An ordered AG-groupoid is also called a
po-AG-groupoid for short.

Let S be an ordered AG-groupoid and A € S, we
define a subset (A] = {s € S : s < a for some a € A}
of S and obviously A € (4]. If A = {a}, then we write
(a] instead of ({a}]. For A,B<S, then AB =
{ab | a € A,b € B}, ((4]] = (4], (A](B] € (48],
((A](B]] = (AB], if A < B then (A] < (B], (ANB] #
(A] n (B] in general.

For @ #+# A € S. A is called an AG-subgroupoid of S
if A2 € A. A is called a left left (resp. right) ideal of S
if the following hold (1) SA € A(resp. AS c A).
(2) Ifa € Aand b € S such that b < a implies b € A.

Equivalent definition: A is called a left left (resp.
right) ideal of S if (A] £ A and SA € A (resp.AS
A). A is called an ideal of S if A is both a left and a
right ideal of S. If 4, B are ideals of S then A U B and
A N B are also ideals of S.

A non-empty subset A of S is called an interior
ideal of S if (1) (SA)S<SA. (2) Ifa€eAand bES
such that b < a implies b € A (or (4] € A).

An ordered AG-groupoid S is said to be regular if,
for every a € S, there exists x € S such that a <
(ax)a. Equivalent definitions are as follows: (1) A <
((AS)A] for every A S S. (2) a € ((aS)a] for every
a€s.

An ordered AG-groupoid S is left (resp. right)
regular if for every a € S, there exists x € S such that
< xa? (resp.a < a?x). Equivalent definitions are as
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follows: (1) A € (SA?] (resp. A € (A2S]) for every
ACS.(2) a€ (Sa?] (resp.a € (a®S]) foreverya €
S.

An ordered AG-groupoid S is said to be
completely regular if it is regular, left regular, right
regular.

An ordered AG-groupoid S is said to be strongly
regular if, for every a € S, there exists x € S such
thata < (ax)a and ax = xa.

Every strongly regular ordered AG-groupoid is
right regularly ordered AG-groupoid.

An ordered AG-groupoid S is said to be weakly
regular if for every a € S, there exist x,y € S such
that a < (ax)(ay). Equivalent definitions are as
follows: (1)A € ((AS)?] for every ASS. (2)a€
((aS)?] foreverya € S.

An ordered AG-groupoid S is called intra-regular
if for every a € S, there exist x,y € § such that a <
(xa?)y. Equivalent definitions are as follows:
(1) A< ((S4%)S] for every A S S. (2) a € ((Sa?®)S]
for every a € S.

We denote by L(a),R(a),I(a) the left ideal, the
right ideal, and the ideal of S, respectively generated
by a. We have L(a) ={s€S : s<aors <xa for
some € S} = (aU Sa], R(a) =(avaS], I(a) =(aV
SauaSu (Sa)S].

Example 1: Let S ={a,b,c,de}. Define
multiplication - in S as follows:

Qoo |v (v |

o |uo (oo |-
[CR SOl FSR O E
e dEdiEdls
alale | (v |e
mio oy (o |o

and <2:={(a,a),(a,b),(b,a),(e,e)}. Then S is an
ordered AG-groupoid andA4 = {c,d,e} is an AG-
subgroupoid of S and I = {a, c,d, e} is an ideal of S.

Remark 1: Every ideal (whether right, left, or two-
sided) is an AG-subgroupoid, but the converse is not
true in general. An ordered AG-groupoid S is said to
be locally associative if for every €S, (a.a).a =
a.(a.a).

Example 2: Let S = {a, b, c}. Define multiplication -
in S as follows:

Alb]|c
alC|c|b
B|b|b
c|B|b|b

and <:={(a,a),(b,b),(c,c)}. Then (5,,<) is a
locally associative ordered AG-groupoid.

In a locally associative ordered AG-groupoids S,
we define powers of an element as follow: & a® =
a, a™! = g"a. If S has a left identity e, we define
a® = e, as left identity is unique in an ordered AG-
groupoid. A locally associative ordered AG-groupoid

S with left identity e has associative powers.
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3. Fuzzy interior ideals on ordered AG-groupoids

A fuzzy set u of a given set X is described as an
arbitrary function y : X — [0,1], where [0,1] is the
unit closed interval of real numbers.

The fundamental concept of a fuzzy set,
introduced by Zadeh (1965), which gives a natural
framework for the generalizations of some basic
notions of algebra, for example, set (resp. group,
semigroup, ring, near-ring, semi-ring) theory,
groupoids, real analysis, topology, differential
equations and so forth. Rosenfeld (1971) introduced
the concept of a fuzzy set in the group. The study of
the fuzzy set in semigroup investigated by Kuroki
(1995). He studied fuzzy ideals and fuzzy (interior,
bi-, quasi-, quasi-semiprime) ideals in semigroups.
Dib and Galhum (1997) examined the definition of
fuzzy groupoid (resp. semigroup). They studied
fuzzy ideals and fuzzy bi-ideals of fuzzy semigroups.

A systematic exposition of fuzzy semigroups by
Mordeson et al. (2003), where one can find
theoretical results on fuzzy semigroups and their use
in fuzzy finite state machines and fuzzy languages.
Fuzzy sets in ordered semigroups/ordered
groupoids established by Kehayopulu and Tsingelis
(2002).

By a fuzzy set u of an ordered AG-groupoid S, we
mean a function g : S = [0,1] and the complement
of u is denoted by y', is a fuzzy set in S given by
w(x)=1—u(x)forallx €S.

fog : S—)[O,l],(,ll—)fog(a):{

For a non-empty family of fuzzy subsets {f;}c;, of
S, the fuzzy subsets Vi f; and Ay f; of S are
defined as follows:

i€l

= sup{fi; gz)}
= inf{fi(a)}.

Vier fi:$ = [0,1],a = (Vies fi)(@):
and A fi:S = [0,1],a = (Aigs fi)(@):

If I is a finite set, say I = {1,2,...n}, then clearly,

Vier fi(a) = max{fi(a), f2(a),..., fa(a)}
and A fi(@) = min{ f(a), 2(a), .., fa(@)}.

For S, the fuzzy subsets 0 and 1 are defined as
follows:

0:S - [0,1],x = 0(x):
1:5 - [0,1],x » 1(x):

=0.
=1

Clearly, the fuzzy subset 0 (resp. 1) of S is the
least (resp. the greatest) element of the ordered set
(F(S), <). The fuzzy subset 0 is the zero element of
(F(S),0,<) (thatis, fe0O=0cf =0 and 0 < f for
every f € F(S)).

For @ # A € S, the characteristic function of A is
denoted by y, and defined by,

A fuzzy set u of S is called a fuzzy AG-
subgroupoid of S if u(xy) = min{u(x), u(y)} for all
x,y € S. u is called a fuzzy left (resp. right) ideal of S
if (1) pu(xy) = p(y) (resp. p(xy) = p(x)). (2) x <
y, implies u(x) = u(y) forall x,y €S. u is a fuzzy
ideal of S if u is both a fuzzy left and a fuzzy right
ideal of S.

Equivalently, p is called a fuzzy ideal of S if
(D) p(xy) = max{u(),u()} (2) x <y, implies
u(x) = u(y) forallx,y €S.

Every fuzzy ideal (whether right, left, two-sided)
is a fuzzy AG-subgroupoid, but the converse is not
true in general.

A fuzzy set u of S is called a fuzzy interior ideal
of § if (1) wu((xa)y) =u(a). (2) x <y, implies
u(x) = u(y) forallx,a,y €S.

We denote by F(S), the set of all fuzzy subsets of
S. We define an order relation " € " on F(S) such
that f € g if and only if f(x) < g(x) for all x € S.
Then (F(S),o, ©) is an ordered AG-groupoid.

By the symbols f A g and f V g, we will mean the
following fuzzy subsets:

(Vx€S)(fAg : S->[01Lxm (fAQX)

= min{f (x), g()});
(vx€S)(fvg : S->[01Lxr (fVgx) =
max{ f (x), g(x)}).

Leta€eSand @ # A € S, and we define aset 4, =
{y,z) ESxS|a<yz} Let f and g be fuzzy
subsets of S, the product f o g of f and g is defined
by:

220

Viynea, Min{ f(9),9(2)} @ovoeoeoeoe2if A, # ¢

ifAg=¢
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_(lifa€A
XA(a)_{OifaeA'

An ordered AG-groupoid S can be considered a
fuzzy subset of itself, and we write S =y, ie,
S(x) = xs(x) =1 for all x €S. This implies that
S(x)=1forallx €S.

For,B € S, then A € B if and only if f; < fz and
faefs = f(AB]-

Let u be a fuzzy subset of S, and then for all t €
(0,1], we define a set U(u;t) ={x €S | u(x) > t},
which is called an upper t level cut of 4 and can be
used to the characterization of p.

Example 3: Let S = {a, b, ¢, d}. Define multiplication
in S as follows:

Qo (oo
el dldld

[CEESE I ey
0o ||
Qo oo |

and <:={(a,a),(a,b),(b,a),(d,d)}. Then S is an
ordered AG-groupoid. Let u be a fuzzy set of S such
that pu(a) = u(c) = u(d) = 0.7, u(b) = 0. Then p is a
fuzzy right ideal of S.
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Lemma 1: Let S be an ordered AG-groupoid and @ #
A < S. Then the characteristic function y, of (4]

is a fuzzy subset of S satisfying the condition x <
Y = X (%) = xa(y) forallx,y € S.

Proof: By the definition, x4 is a mapping of S into
{0,13(c [0,1]). Let x <y, x,y€S. If y & (4], by
definition x4 (¥) =0, thus (4 (%) = xaq()- If y €
(A], this implies that (4 (¥) = 1. Since y € (4], so
there exists z € A such that y < z. Thus x < z, i.e,
x € (Al and y(4;(x) = 1. Thus y4;(x) = x4 (¥)-

Proposition 1: Let S be an ordered AG-groupoid
and @ # A S S. Then A = (4] if and only if a fuzzy
subset y, of S has the property x <y = y (x) =
xa(y) forallx,y €S.

Proof: Suppose A = (A], then the characteristic
function y, of A is a fuzzy subset of S satisfying the
condition x <y = y,(x) = x4(¥), by the Lemma
MB. Conversely, let x € (4], this implies that there
exists y € A such that x < y. By the given condition,
we have y,(x) = x4(¥). Since y € A, we have
xa@) =1. Thus y,(x) =1, ie, x € A. Hence A =

(Al

Lemma 2: Let S be an ordered AG-groupoid and @ #
A € S. Then A is an AG-subgroupoid of S if and only
if the characteristic function y, of A is a fuzzy AG-
subgroupoid of S.

Proof: Suppose A is an AG-subgroupoid ofS and
x,y €S.1f x,y € A, by definition y,(x) = 0 = x,(y).
Thus  xa(xy) = xa(x) A xa(y). If x,y€A, by
definition y,(x) = 1 = y,(¥). xy € A, A being an AG-
subgroupoid of S, this implies that y,(xy) = 1. Thus
Xa(xy) = xa(x) A x4(y). Hence the characteristic
function y, of A is a fuzzy AG-subgroupoid of S.

Conversely, let y € A2, x,y € A. By definition of a
characteristic function y,(x) =1 = y,(y). xa(xy) =
Xa(X) A xa(y) =1, x4 is a fuzzy AG-subgroupoid of
S. This implies that y,(xy) = 1, i.e, xy € A. Hence A
is an AG-subgroupoid of S.

Lemma 3: Let S be an ordered AG-groupoid and @ #
A C S. Then A is a left (resp. right) ideal of S if and
only if the characteristic function y, of A4 is a fuzzy
left (resp. right) ideal of S.

Proof: Suppose 4 is a left ideal of S and x,y € S such
that x < y, this implies that A = (4], A being a left
ideal of S. Then y,4(x) = x4(¥), by the Proposition
1. If y € A, by definition y,(y) = 0. Thus y,(xy) =
xa(y). If y € A, by definition y,(y) =1. xy €A, A
being a left ideal, so y4(xy) = 1. Thus y,(xy) =
xa(y). Hence the characteristic function y, of 4 is a
fuzzy left ideal of S.

Conversely, let y € A and x € S such that x <y,
this implies that y,(x) = x4(¥), x4 being a fuzzy left
ideal of S. Then A = (4], by the Proposition 1. Let
xy € SA, where y € A, x € S. By definition of a
characteristic function y,(y) = 1. x4(xy) = xa(y) =
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1, x4 being a fuzzy left ideal of S. Thus y,(xy) =1,
i.e, xy € A. Hence A is a left ideal of S.

Proposition 2: Let S be an ordered AG-groupoid and
@ +# A € S.Then A is an interior ideal of S if and only
if the characteristic function y, of A is a fuzzy
interior ideal of S.

Proof: Suppose A is an interior ideal of S and
a,x,y € S such that x <y, this implies that A = (4],
A being an interior ideal. Then y,(x) = x,(y), by the
Proposition 1. If a € A, by definition y,(a) = 0. Thus
xa((xa)y) = xa(a). If a € A, by definition y,(a) = 1.
(xa)y € A, A being an interior ideal, this implies that
Xa((xa)y) = 1. Thus x,((xa)y) = x4(a) . Hence the
characteristic function y, of A is a fuzzy interior
ideal of S.

Conversely, let y € A and x € S such that x < y,
this implies that y,(x) = x4(¥), x4 being a fuzzy
interior ideal of S. Then A = (4], by the Proposition

1. Let t € (SA)S, implies t = (xa)y, where a € A
and x,y € S. By definition of a characteristic function
xa(@) = L. x,((xa)y) = xa(a) =1, x4 being a fuzzy
interior ideal of S. Thus y,((xa)y) =1, 1ie, (xa)y €
A. Hence A is an interior ideal of S.

Lemma 4: Let u be a fuzzy subset of an ordered AG-
groupoid S. Then u is a fuzzy AG-subgroupoid of S if
and only if upper t level U(u;t) of u is an AG-
subgroupoid of S forall t € (0,1].

Proof: S Suppose u is a fuzzy AG-subgroupoid of S
and x,y € U(u; t), this implies that u(x),u(y) > t.
uxy) zux)Auly)=t, p being a fuzzy AG-
subgroupoid, i.e., xy € U(y; t). Hence U(y;t) is an

AG-subgroupoid of S.
Conversely, we have to show that u(xy) = u(x) A
u(y), x,y € S. We suppose a contradiction u(xy) <
ux)vu(y). Assume pu(x)=t=u(y), and this
implies that u(x),u(y) =t, ie, x,v € U(u; t). But
ulxy) <t ie., xy € U(u; t), which is a contradiction.
Hence pu(xy) = u(x) A u(y).

Lemma 5: Let u be a fuzzy subset of an ordered AG-
groupoid S. Then u is a fuzzy left (resp. right) ideal of
S if and only if upper t level U(y;t) of u is a left
(resp. right) ideal of S for all t € (0,1].

Proof: Suppose u is a fuzzy left ideal of S. Let y €
U(u;t) and x € S such that x < y, this implies that
p(y) =t p(x) 2 p(y) 2t and p(xy) 2 uy) 2t p1
being a fuzzy left ideal of S. Thus x,xy € U(u; t).
Hence U(u; t) is a left ideal of S.

Conversely, suppose U(y; t) is a left ideal of S and
x,y €S such that x <y. We have to show that
p(x) =2 u(y) and p(xy) = u(y), we suppose a
contradiction u(x) < u(y) and p(xy) < u(y). Let
u(y) = t, this implies that u(y) > t, i.e, y € U(i; t).
But u(x) <t and u(xy) <t, ie, x,xy & U(u;t),
which is a contradiction. Hence u(x) = u(y) and
n(xy) = pu(y).
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Proposition 3: Let u be a fuzzy subset of an ordered
AG-groupoid S. Then u is a fuzzy interior ideal of S if
and only if the upper t level U(u;t) of u is an
interior ideal of S for all t € (0,1].

Proof: Suppose u is a fuzzy interior ideal of S. Let
y € U(u;t) and x € S such that x < y, this implies
that u(y) =t. u(x) 2u(y) =¢t, u being a fuzzy
interior ideal of S. Thus u(x) > t,i.e, x € U(u; t). Let
a€U(t) and x,y €S, by definition u(a) =
t. u((xa)y) = u(a) =t, u being a fuzzy interior
ideal of S. Thus pu((xa)y) =t, ie, (xa)y € U(u; t).
Hence U(y; t) is an interior ideal of S.

Conversely, suppose U(y; t) is an interior ideal of
S and x,y,a € S such that x < y. We have to show
that u(x) = u(y), we suppose a contradiction p(x) <
u(y). Let u(y) = t, this implies that u(y) = t,ie,y €
U(u; t). But u(x) <t, ie, x € U(u;t), which is a
contradiction. Hence pu(x) = u(y). We have to show
that u((xa)y) = u(a), we suppose a contradiction
u((xa)y) < u(a). Let u(a) =t, this implies that
ula)=t, ie, a€U(ut). But u((xa)y) <t, ie,
((xa)y) ¢ U(u; t), which is a contradiction. Hence
u((xa)y) = p(a).

Lemma 6: Every fuzzy right ideal of an ordered AG-
groupoid S with left identity e, is a fuzzy ideal of S.

Proof: Let u be a fuzzy right ideal of S and x,y € S.

Now u(xy) = u((ex)y) = u((yx)e) = u(yx) = u(y).
Thus u is a fuzzy ideal of S.

Remark 3: The concept of fuzzy (right, two-sided)
ideals coincide in ordered AG-groupoids with left
identity e.

Lemma 7: Every fuzzy ideal of an ordered AG-
groupoid S is a fuzzy interior ideal of S.

Proof: Let u be a fuzzy two-sided ideal of S and
x,a,y €S. Now, u((xa)y) = u(xa) = u(a). Hence u
is a fuzzy interior ideal of S.

Proposition 4: LetS be an ordered AG-groupoid
with left identity e. Then yu is fuzzy interior ideal if
and only if u is a fuzzy ideal of S.

Proof: Let u be a fuzzy interior ideal of S and x,y €
S. Now pu(xy) = u((ex)y) = u(x). Thus p is a fuzzy
right ideal of S. Then p is a fuzzy ideal of S by
Lemma 6. The converse is true by Lemma 7.

Lemma 8: Every fuzzy right ideal of a regular
ordered AG-groupoid S, is a fuzzy ideal of S.

Proof: Let u be a fuzzy right ideal of S and x,y € S,
this implies that there exists a € S such that x <

(xa)x. Now, u(xy) = u(((xa)x)y) = u((yx)(xa)) 2
u(yx) = u(y)- Hence pu is a fuzzy ideal of S.

Remark 4: The concept of fuzzy (right, two-sided)
ideals coincide in regular ordered AG-groupoids.
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Proposition 5: Let S be a regular ordered AG-
groupoid. Then u is a fuzzy interior ideal if and only
if p is a fuzzy ideal of S.

Proof: Let u be a fuzzy interior ideal of S and x,y €
S, this implies that there exists a € S such that x <
(xa)x. Now, u(xy) = pu(((xa)x)y) = u((yx)(xa)) =
u(x). Thus p is a fuzzy right ideal of S. Then u is a
fuzzy ideal of S by Lemma 8. The converse is true by
Lemma 7.

Lemma 9: Every fuzzy right (resp. left) ideal of (2,2)
regular ordered AG-groupoid S, is a fuzzy ideal of S.

Proof: Let u be a fuzzy right ideal of S and ,y €S,
this implies that there exists a € S such that x <
(x*a)x?. Now u(xy) = p(((x*a)x?)y) =
w((yx?)(x%a)) = p(yx?) = u(y). Hence y is a fuzzy
ideal of S. Let u be a fuzzy left ideal of S. Now
u(xy) z p((*a)x®)y) = p(yx* (x*a)) =
u((xx)a) = p((ax)x) = u(x). Hence p is a fuzzy
ideal of S.

Remark 5: The concept of fuzzy (right, left, two-
sided) ideals coincide in (2, 2) -regular ordered AG-
groupoids.

Proposition 6: Let S be a (2,2) -regular ordered
AG-groupoid with left identity e. Then u is a fuzzy
interior ideal if and only if i is a fuzzy ideal of S.

Proof: Let u be a fuzzy interior ideal of S and x,y €
S, this implies that there exists a € S such that x <
(x?2a)x?. Now,

u(xy) = p(((a)x®)y) = p((yx*)(x*a)) = u(x?)
= pu(xx) = pu((ex)x) = pu(x).

Thus u is a fuzzy right ideal of S. Then u is a fuzzy
ideal of S by Lemma 9. The converse is true by
Lemma 7.

Lemma 10: Let S be a right regular ordered AG-
groupoid. Then every fuzzy right (resp. left) ideal of
S is a fuzzy ideal of S.

Proof: Let u be a fuzzy right ideal of S and x,y € S,
this implies that there exists a € S such that x < x?a.
Now,

u(xy) = u((x*a)y) = u(((xx)a)y) = u(((ax)x)y)
= u((yx)(ax)) = u(yx) = p(y)-

Hence p is a fuzzy ideal of S. Let u be a fuzzy left
ideal of S. Now,
u(xy) = p((x*a)y) = p(((xx)a)y) = u(((ax)x)y)
= u((yx)(ax)) = p(ax) = p(x).

Hence u is a fuzzy ideal of S.

Remark 6: The concept of fuzzy (right, left, two-
sided) ideals coincide in right regular ordered AG-
groupoids.
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Proposition 7: Let S be a right regular ordered AG-
groupoid. Then p is a fuzzy interior ideal if and only
if u is a fuzzy ideal of S.

Proof: Let u be a fuzzy interior ideal of S and,y € S
, this implies that there exists a € § such that x <
x?a. Now  p(xy) > pu((x*a)y) = u(((xx)a)y) =
u(((ax)x)y) = u(x). Thus u is a fuzzy right ideal of
S. Then p is a fuzzy ideal of S by Lemma 10. The
converse is true by Lemma 7.

Lemma 11: Let S be a left regular ordered AG-
groupoid with left identity e. Then every fuzzy right
(resp. left) ideal of S is a fuzzy ideal of S.

Proof: Let u be a fuzzy right ideal of S and x,y € S,
that implies that there exists a € § such that x <
ax?. Now,

u(xy) = u((ax®)y) = p((a(xx))y) = p((x(ax))y)
= u((y(ax))x) = u(y(ax)) = u(y).

Hence u is a fuzzy ideal of S. Let u be a fuzzy left
ideal of S. Now,

u(xy) = p((ax?)y) = p((a(xx))y) = p((x(ax))y)
= u((y(ax))x) = p((ax)x) = p(x).

Hence p is a fuzzy ideal of S.

Remark 7: The concept of fuzzy (right, left, two-
sided) ideals coincide in left regular ordered AG-
groupoids with left identity e.

Proposition 8: Let S be a left regular ordered AG-
groupoid with left identity e. Then u is a fuzzy
interior ideal if and only if i is a fuzzy ideal of S.

Proof: Let p be a fuzzy interior ideal of S and x,y €
S, this implies that there exists a € S such that x <

ax?. Now,

u(xy) = p((ax?)y) = p((a(xx))y)
= u((x(ax))y) = p(((ex)(ax))y)
= u(((xx)(ae))y) = u((((ae)x)x)y) = pu(x).

Thus p is a fuzzy right ideal of S. Hence y is a
fuzzy ideal of S by Lemma 11. The converse is true
by Lemma 7.

Theorem 1: Let S be a right regular locally
associative ordered AG-groupoid with left identity e.
Then for every fuzzy interior ideal p of S, u(a™) =
u(a®™), where n is any positive integer, forall a € S.

Proof: For n = 1. Let a € S, this implies that there
exists x €S such that a <a?x. Now pu(a)=
u(a*x) = p((ea®)x) = p(a®) = min{ u(a), u(a)} =

u(a), (u is a fuzzy ideal of S by Proposition 7).
Hence u(a) = p(a?). Now a? = aa < (a%x)(a’x) =
a*x?, then the result is true for n = 2. Suppose

result is true for n = k, i.e., u(a*) = pu(a?*). Now,
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ak+1 — aka < (akak)(azx) — aZ(k+1)x(k+1).
#(ak+1) > 'u(az(k+1)x(k+1)) — #((eaZ(k+1))x(k+1))
> H(az(k+1)) — ﬂ(a2k+2) — u(ak“ak“)

= min{ u(a***), u(a**1)} = p(a**).

Thus u(a*™') = u(a®**V). Hence by the
induction method, the result is true for all positive
integers.

Lemma 12: Let S be a right regular locally
associative ordered AG-groupoid with left identity e.
Then for every fuzzy interior ideal u of S, u(ab) =
u(ba) foralla,b € S.

Proof: Let a,b € S. By using Theorem (for n = 1).
Now,

u(ab) = u((ab)?) = u((ab)(ab))
= u((ba) (b)) = pu((ba)*) = p(ba).

Theorem 2: Let S be a regular and right regular
locally associative ordered AG-groupoid with left
identity e. Then for every fuzzy interior ideal u of S,
u(a™ = u(a®), where n is any positive integer, for
alla €8S.

Proof: For n = 1. Let a € S, this implies that there
exists x € S such that a < (ax)a and a < a*x. Now
a < (ax)a < (ax)(a?x) = ax2 Thus,

u(a) = p(ax?) = p((ea®)x?) = pu(a®)
= u(aa®) = min{u(a), u(a®)}
= min{ u(a), u(a), u(a)} = u(a).

Hence pu(a) = u(a®). Now a?=aa<
(a®x?)(a®x?) = a®x*, then the result is true for n =
2. Suppose result is true for n =k , ie, wp(a®) =
u(a®®). Now,

ak+1 — aka < (a3kx2k)(a3x2) — a3(k+1)x2(k+1)_
M(ak+1) > ,u(a3(k+1)x2(k+1)) — 'u((eaB(k+1))x2(k+1))

> M(a3(k+1))
— M(a3k+3) — u(ak“az"”) > min{u(a"“),u(az"”)}
> min{ u(a**"), p(@a**), p(a** M} = u(a**M.

k+1) — 3(k+1)).

Thus u(a u(a Hence by the
induction method, the result is true for all positive
integers.

Lemma 13: Let S be a weakly regular ordered AG-
groupoid. Then every fuzzy right (resp. left) ideal is a
fuzzy ideal of S.

Proof: Let u be a fuzzy right ideal of S and x,y € S,
this implies that there exist a,b € S such that x <
(xa)(xb). Now,

p(xy) = p(((xa)(xb))y) = u((((xb)a)x)y)
= p((((ab)x)x)y) = u((yx)((ab)x))

= u((yx)(nx)) say ab =n

= u(yx) =z p(y)-

Hence p is a fuzzy ideal of S. Let u be a fuzzy left
ideal of S. Now,
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#(xy) 2 p(((xa)(xb))y) = u((((xb)a)x)y)
= u((((ab)x)x)y) = u((yx)((ab)x))

= p((yx)(nx)) say ab =n

2 p(nx) 2 p(x).

Hence p is a fuzzy ideal of S.

Remark 8: The concept of fuzzy (right, left, two-
sided) ideals coincide in weakly regular ordered AG-
groupoids.

Proposition 9: Let S be a weakly regular ordered
AG-groupoid. Then u is a fuzzy interior ideal if and
only if u is a fuzzy ideal of S.

Proof: Let u be a fuzzy interior ideal of S and x,y €
S, this implies that there exist a,b € S such that x <
(xa)(xb). Now u(xy) 2 u(((xa)(xb))y) =
u(((xb)a)x)y) = u(x). Thus u is a fuzzy right ideal
of S.Hence u is a fuzzy ideal of S by Lemma 13. The
converse is true by Lemma 7.

Proposition 10: Let S be an ordered AG-groupoid
with left identity e. Then S is a weakly regular if and
only if S is completely regular.

Proof: Suppose S is a weakly regular ordered AG-
groupoid. Let a € S, then there exist x,y € S such
that a < (ax)(ay). Now a < (ax)(ay) = (aa)(xy) =
a’t, for some t € S, this implies that a < a?t. Thus S
is a right regular ordered AG-groupoid.

Now a < (ax)(ay) = (yx)(aa) = ta?, for some
t € S, this imply that a < ta?. Thus S is a left regular
ordered AG-groupoid. Now,

a < (ax)(ay) = (aa)(xy) = a’t = (aa)t = (ta)a
< (t(ta*))a = (t(t(aa)))a = (t(a(ta)))a
= (a(t(ta)))a = (as)a, say t(ta) =n.

This implies that a < (as)a, for some s € S. Thus
S is a regular ordered AG-groupoid. Hence S is a
completely regular ordered AG-groupoid.

Conversely, let S be a completely regular ordered
AG-groupoid. Let a € S, and then there exists x € S
such thata < (ax)a, a < a’?x and a < xa?. Now,

a < (ax)a < (ax)(xa?) = (ax)(x(aa))
= (ax)(a(xa)) = (ax)(ay), say xa =y.

This implies that a < (ax)(ay), for some x,y € S.
Hence S is weakly regular ordered AG-groupoid.

Lemma 14: Every fuzzy right ideal of an intra-
regular ordered AG-groupoid S, is a fuzzy ideal of S.

Proof: Let u be a fuzzy right ideal of S and x,y € S,
this implies that there exist a,b € S such that x <
(ax?)b. Now,

1(xy) = u(((ax®)b)y) = u((yb)(ax?) = u(yb) = u().

Hence u is a fuzzy ideal of S.
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Remark 9: The concept of fuzzy (right, two-sided)
ideals coincide in intra-regular ordered AG-
groupoids

Proposition 11: Let S be an intra-regular ordered
AG-groupoid with left identity . Then yu is a fuzzy
interior ideal if and only if u is a fuzzy ideal of S.

Proof: Let u be a fuzzy interior ideal of S and x,y €
S, this implies that there exist a,b € S such that x <
(ax?)b. Now,

xy < ((ax?)b)y = (yb)(ax?) = n(a(xx))
=n(x(ax)),sayyb =n
= (en)(x(ax)) = (ex)(n(ax)) = (ex)m, say n(ax) = m.

Thus u(xy) = pu((ex)m) = u(x). Hence p is a
fuzzy ideal of S. The converse is true by Lemma 7.

Theorem 3: L Let S be an intra-regular locally
associative ordered AG-groupoid. Then for every
fuzzy interior ideal u of S, u(a™) = u(a®"), where n
is any positive integer, for all a € S.

Proof: For n = 1. Let € S, this implies that there
exist x,y €S such that a < (xa®)y. Now pu(a) =
u((xa®)y) = p(a*) = p(aa) = min{p(a), p(a)} =
u(a), (u is a fuzzy ideal of S by Proposition 11.
Hence,

u(a) = u(a?).

Now,

a? = aa < ((xa®)y)((xa®)y) = ((xa®)(xa?))y? =
(x*a*)y?,

then the result is true for n = 2. Suppose that result
is true for n =k, ie, u(a®) = u(a®*). Now,

ak*tl = gkq ((xkazk)yk) ((xza)y) = (xk+1g2(k+1)yyle+1
M(ak+1) > 'u((xk+1a2(k+1))yk+1) > M(az(k+1))

— u(a(k“)a("“))
> min{ p(a®*V), u(a®*D)} = p(al+),

Thus  u(a®*™) = u(a®***V). Hence by the
induction method, the result is true for all positive
integers.

Lemma 15: Let S be an intra-regular locally
associative ordered AG-groupoid with left identity e.
Then for every fuzzy interior ideal u of S. u(ab) =
u(ba) forall a,b € S.

Proof: Same as Lemma 12.
4., Conclusion

Our ambition is to inspire the study and maturity
of non-associative algebraic structure (ordered AG-
groupoid). The objective is to explain original
methodological developments on ordered AG-
groupoids, which will be very helpful for the
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upcoming theory of algebraic structure. The ideal of
a fuzzy set to the characterizations of ordered
semigroups is captivating the great attention of
algebraists. The aim of this paper is to investigate,
the study of (regular, left regular, right regular, (2,
2)-regular, left weakly regular, right weakly regular,
intra-regular) ordered AG-groupoids by using of the
fuzzy left (right, interior) ideals.
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