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1. Introduction 

*Genocchi polynomials are very frequently used in 
various problems in pure and applied mathematics 
related to functional equations, number theory, 
complex analytic number theory, Homotopy theory 
(stable Homotopy groups of spheres), differential 
topology (differential structures on spheres), theory 
of modular forms (Eisenstein series), 𝑝-adic analytic 
number theory (𝑝-adic 𝐿-functions), quantum 
physics (quantum Groups). For instance, generating 
functions for Genocchi polynomials with their 
congruence properties, recurrence relations, 
computational formulae and symmetric sum 
involving these polynomials have been studied by 
many authors in recent years such as Young (2008), 
Araci (2014), Araci et al. (2011), Açıkgöz et al. 
(2011), Araci et al. (2014a, 2014b), Haroon and Khan 
(2018), Khan et al. (2017, 2018), Khan and Haroon 
(2016), and Araci (2012). 

The well-known degenerate exponential function 
(Kim et al., 2019; Kim and Ryoo, 2018) is defined by 

 

𝑒𝜇
𝜂
(𝑧) = (1 + 𝜇𝑧)

𝜂

𝜇, 𝑒𝜇(𝑧) = 𝑒𝜇
1(𝑧), (𝜇 ∈ ℝ).                (1.1) 

 
Since  
 

lim
𝜇→0

(1 + 𝜇𝑧)
𝜂

𝜇 = 𝑒𝜂𝑧.  
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The degenerate type Bernoulli and Euler 
polynomials are defined by (Carlitz, 1979; Carlitz, 
1956):  

 
𝑧

𝑒𝜇(𝑧)−1
𝑒𝜇
𝜂
(𝑧) =

𝑧

(1+𝜇𝑧)
1
𝜇−1

(1 + 𝜇𝑧)
𝜂

𝜇 = ∑∞𝑠=0 𝛽𝑠(𝜂; 𝜇)
𝑧𝑠

𝑠!
, (1.2) 

 
and  
 

2

𝑒𝜇(𝑧)+1
𝑒𝜇
𝜂
(𝑧) =

2

(1+𝜇𝑧)
1
𝜇−1

(1 + 𝜇𝑧)
𝜂

𝜇 = ∑∞𝑠=0 𝔈𝑠(𝜂; 𝜇)
𝑧𝑠

𝑠!
. (1.3) 

 
Thus, we have 
 

lim
𝜇⟶0

𝛽𝑠(𝑥; 𝜇) = 𝐵𝑠(𝜂), lim
𝜇⟶0

𝔈𝑠(𝜂; 𝜆) = 𝐸𝑠(𝜂).  

 
In the year 2016, Lim (2016) introduced the 

generalized degenerate type Genocchi polynomials 

𝐺𝑗
(𝑝)
(𝜂; 𝜇) are defined by 

 

(
2𝑧

𝑒𝜇(𝑧)+1
)
𝑝

𝑒𝜇
𝜂
(𝑧) = (

2𝑧

(1+𝜇𝑧)
1
𝜇−1

)

𝑝

(1 + 𝜇𝑧)
𝜂

𝜇 =

∑∞𝑗=0 𝐺𝑗
(𝑝)(𝜂; 𝜇)

𝑧𝑗

𝑗!
,                  (1.4) 

 
so that  

 

𝐺𝑗
(𝑝)(𝜂; 𝜇) = ∑

𝑗
𝑠=0 (

𝑗
𝑠
)𝐺𝑠

(𝑝)(𝜇) (
𝜂

𝜇
)
𝑗−𝑠
.                 (1.5) 

 
From Eq. 1.4, we note that  
 

lim
𝜇⟶0

∑∞𝑠=0 𝐺𝑗
(𝑝)
(𝜂; 𝜇)

𝑧𝑗

𝑗!
= lim
𝜇⟶0

(
2𝑧

(1+𝜇𝑧)
1
𝜇−1

)

𝑝

(1 + 𝜇𝑧)
𝜂

𝜇  

= (
2𝑧

𝑒𝑧+1
)
𝑝
𝑒𝜂𝑧 = ∑∞𝑗=0 𝐺𝑗

(𝑝)
(𝜂)

𝑧𝑗

𝑗!
, (see(1 − 25)).  

 
The degenerate poly-Bernoulli and poly-Genocchi 

polynomials are defined by (Khan, 2016a; Kim et al., 
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2019; Kim and Kim, 2015; Kim et al., 2014a; 2014b; 
Kim and Ryoo, 2018; Lim, 2016):  
 
L𝑖𝑘(1−𝑒

−𝑧)

𝑒𝜇(𝑧)−1
𝑒𝜇
𝜂(𝑧) =  

L𝑖𝑘(1−𝑒
−𝑧)

(1+𝜇𝑧)
1
𝜇−1

(1 + 𝜇𝑧)
𝜂

𝜇 = ∑∞𝑠=0 𝐵𝑠
(𝑘)
(𝜂; 𝜇)

𝑧𝑠

𝑠!
,                (1.6) 

 

the classical polylogarithm function L𝑖𝜈(𝑧) is  
 

L𝑖𝜈(𝑧) = ∑
∞
𝑟=1

𝑧𝑟

𝑟𝑘
, (𝜈 ∈ ℤ)(see[18 − 24])                (1.7) 

 

so for 𝜈 ≤ 1,  
 

L𝑖𝜈(𝑧) = −ln(1 − 𝑧), L𝑖0(𝑧) =
𝑧

1−𝑧
, L𝑖−1(𝑧) =

𝑧

(1−𝑧)2
, . ..  

 

Kim et al. (2015, 2014a, 2014b) and Khan (2016b, 
2016c) introduced polytype (Bernoulli and 
Genocchi) polynomials are defined by 

 
L𝑖𝜈(1−𝑒

−𝑧)

𝑒𝑧−1
𝑒𝜉𝑧𝑡 = ∑∞𝑗=0 𝐵𝑗

(𝜈)(𝜉)
𝑧𝑗

𝑗!
,                  (1.8) 

 

and  
 

2L𝑖𝜈(1−𝑒
−𝑧)𝑒𝜉𝑧

𝑒𝑧+1
= ∑∞𝑗=0 𝐺𝑗

(𝜈)(𝜉)
𝑧𝑗

𝑗!
. (𝜈 ∈ ℤ).                (1.9) 

 

For 𝜈 = 1 in Eq. 1.8) and Eq. 1.9, we get 
 

L𝑖1(1−𝑒
−𝑧)

𝑒𝑧−1
𝑒𝜉𝑧 =

𝑧

𝑒𝑧−1
𝑒𝜉𝑧 = ∑∞𝑗=0 𝐵𝑗(𝜉)

𝑧𝑗

𝑗!
,             (1.10) 

 

and  
 

2L𝑖1(1−𝑒
−𝑧)

𝑒𝑧+1
𝑒𝜉𝑧 =

2𝑧

𝑒𝑧+1
𝑒𝜉𝑧 = ∑∞𝑗=0 𝐺𝑗(𝜉)

𝑧𝑗

𝑗!
.             (1.11) 

 

From Eq. 1.10 and Eq. 1.11, we have  
 

𝐵𝑗
(1)
(𝜉) = 𝐵𝑗(𝜉), 𝐺𝑗

(1)
(𝜉) = 𝐺𝑗(𝜉).  

 

We recall the following definition as follows: 
 

 The first kind of Stirling numbers are given by  
 

(𝑎)𝑗 = 𝑎(𝑎 − 1)⋯ (𝑎 − 𝑗 + 1) = ∑
𝑗
𝑞=0 𝑆1(𝑗, 𝑞)𝑎

𝑞 , (𝑗 ≥ 0). 

                (1.12) 
 

 The second kind of Stirling numbers are defined by 
generating function  

 

(𝑒𝑧 − 1)𝑝 = 𝑝!∑∞𝑞=𝑝 𝑆2(𝑞, 𝑝)
𝑧𝑞

𝑞!
.              (1.13) 

 

A generalized falling factorial sum 𝜏𝑘(𝑗; 𝜇) is 
defined by Young (2008):  

 

∑∞𝑘=0 𝜏𝑘(𝑗; 𝜇)
𝑧𝑘

𝑘!
=
1−(−(1+𝜇𝑧))

(𝑛+1)
𝜇

1+(1+𝜇𝑧)
1
𝜇

,              (1.14) 

 

where lim𝜇⟶0𝜏𝑘(𝑗; 𝜇) = 𝑇𝑘(𝑗). This article is as 

follows. We consider the degenerate type poly-

Genocchi polynomials 𝐺𝑗
(𝜈)
(𝜉; 𝜇) and construct some 

basic properties and derive some implicit formulae 
and symmetric identities for the degenerate poly-

Genocchi polynomials by using different analytical 
means of their respective generating functions. 

2. Degenerate poly-Genocchi polynomials 

Let 𝜇 ∈ ℂ, 𝜈 ∈ ℤ. We introduce the degenerate 
poly-Genocchi polynomials and numbers are given 
by  

 
2𝐿𝑖𝜈(1−𝑒

−𝑧)

(1+𝜇𝑧)
1
𝜇+1

(1 + 𝜇𝑧)
𝜉

𝜇 = ∑∞𝑗=0 𝐺𝑗
(𝜈)
(𝜉; 𝜇)

𝑧𝑗

𝑗!
,                (2.1) 

 

so that  
 

𝐺𝑗
(𝜈)
(𝜉; 𝜇) = ∑

𝑗
𝑘=0 (

𝑗
𝑘
)𝐺𝑘,𝜇

(𝜈)
(𝜉) (−

𝜉

𝜇
)
𝑗−𝑘

(−𝜇)𝑗−𝑘 .  

                                                     (2.2) 
 

When 𝜉 = 0 in Eq. 2.1, 𝐺𝑗,𝜇
(𝜈)
= 𝐺𝑗,𝜇

(𝜈)
(0). Note that  

 

𝐺𝑗,𝜇
(1)
(𝜉) = 𝐺𝑗,𝜇(𝜉),  

 

and  
 

lim
𝜇⟶0

𝐺𝑗
(𝜈)(𝜉; 𝜇) = 𝐺𝑗

(𝜈)(𝜉), (ν ∈ ℤ),                 (2.3) 

 

where 𝐺𝑗
(𝜈)
(𝜉) are called the poly-Genocchi 

polynomials. 
 

Theorem 2.1: Let 𝜇 ∈ ℂ, 𝜈 ∈ ℤ, and 𝑗 ≥ 0. Then  
 

𝐺𝑗
(2)(𝜉; 𝜇) = ∑

𝑗
𝑠=0 (

𝑗
𝑠
)
𝐵𝑠𝑠!

𝑠+1
𝐸𝑗−𝑠(𝜉; 𝜇).                                   (2.4) 

 

Proof: Using Eq. 2.1, we see  
 

∑∞𝑗=0 𝐺𝑗
(𝜈)
(𝜉; 𝜇)

𝑧𝑗

𝑗!
=
2𝐿𝑖𝜈(1−𝑒

−𝑧)

(1+𝜇𝑧)
1
𝜇+1

(1 + 𝜇𝑧)
𝜉

𝜇  

=
2(1+𝜇𝑧)

𝜉
𝜇

(1+𝜇𝑧)
1
𝜇+1

  

∫
𝑤

0

1

𝑒𝑣−1
∫
𝑣

0

1

𝑒𝑣−1
⋅⋅⋅

1

𝑒𝑣−1
∫
𝑣

0

𝑣

𝑒𝑣−1⏟                
(𝜈−2)−   𝑡𝑖𝑚𝑒𝑠 

𝑑𝑣⋯𝑑𝑣                (2.5) 

 

for 𝜈 = 2 in Eq. 2.5, we find  
 

∑∞𝑗=0 𝐺𝑗
(2)
(𝜉; 𝜇)

𝑧𝑗

𝑗!
=

2(1+𝜇𝑧)
𝜉
𝜇

(1+𝜇𝑧)
1
𝜇+1

∫
𝑤

0

𝑢

𝑒𝑢−1
𝑑𝑢  

= (∑∞𝑠=0
𝐵𝑠𝑧

𝑠

𝑠+1
)
2(1+𝜇𝑧)

𝜉
𝜇

(1+𝜇𝑧)
1
𝜇+1

  

= (∑∞𝑠=0
𝐵𝑠𝑠!

(𝑠+1)𝑠!

𝑧𝑠

𝑠!
) (∑∞𝑗=0 𝐸𝑗(𝜉; 𝜇)

𝑧𝑗

𝑗!
)  

= ∑∞𝑗=0 (∑
𝑗
𝑠=0 (

𝑗
𝑠
)
𝐵𝑠𝑠!

𝑚+1
𝐸𝑗−𝑠(𝜉; 𝜇))

𝑧𝑗

𝑗!
,  

 

which gives the asserted result of Eq. 2.4.  
 

Theorem 2.2: Let 𝜇 ∈ ℂ, 𝜈 ∈ ℤ, and 𝑗 ≥ 0. Then  
 

𝐺𝑗
(𝜈)(𝜉; 𝜇) = ∑

𝑗
𝑠=0 (

𝑗
𝑠
)  

(∑𝑠+1𝑞=1
(−1)𝑞+𝑠+1𝑞!𝑆2(𝑠+1,𝑞)

𝑞𝑘(𝑠+1)
)𝐺𝑗−𝑠

(𝜈)(𝜉; 𝜇).                 (2.6) 

 

Proof: Eq. 2.1, we find  
 



Sunil Kumar Sharma/International Journal of Advanced and Applied Sciences, 7(5) 2020, Pages: 1-5 

3 
 

∑∞𝑗=0 𝐺𝑗
(𝜈)(𝜉; 𝜇)

𝑧𝑗

𝑗!
= (

L𝑖𝜈(1−𝑒
−𝑧)

𝑧
)(

2𝑧(1+𝜇𝑧)
𝜉
𝜇

(1+𝜇𝑧)
1
𝜇+1

)                    (2.7) 

 
now  
 
L𝑖𝜈(1−𝑒

−𝑧)

𝑧
=
1

𝑧
∑∞𝑞=1

(1−𝑒−𝑧)𝑞

𝑞𝑘
=
1

𝑧
∑∞𝑞=1

(−1)𝑞

𝑙𝑘
(1 − 𝑒−𝑧)𝑞  

=
1

𝑧
∑∞𝑞=1

(−1)𝑞

𝑞𝑘
𝑞!∑∞𝑠=𝑙 (−1)

𝑠𝑆2(𝑠, 𝑞)
𝑧𝑠

𝑠!
  

=
1

𝑠
∑∞𝑠=1 ∑

𝑠
𝑞=1

(−1)𝑞+𝑠

𝑞𝑘
𝑞! 𝑆2(𝑠, 𝑞)

𝑎𝑠

𝑠!
  

= ∑∞𝑠=0 (∑
𝑠+1
𝑞=1

(−1)𝑞+𝑠+1

𝑞𝑘
𝑞!
𝑆2(𝑠+1,𝑞)

𝑠+1
)
𝑧𝑠

𝑠!
.                 (2.8) 

 
From Eq. 2.7 and Eq. 2.8, we have 

 

∑∞𝑗=0 𝐺𝑗
(𝜈)
(𝜉; 𝜇)

𝑧𝑗

𝑗!
=

∑∞𝑠=0 (∑
𝑠+1
𝑞=1

(−1)𝑞+𝑠+1

𝑞𝑘
𝑞!
𝑆2(𝑠+1,𝑞)

𝑠+1
)
𝑧𝑠

𝑠!
(∑∞𝑗=0 𝐺𝑗

(𝜈)
(𝜉; 𝜇)

𝑧𝑗

𝑗!
),  

 

which proves the result of Eq. 2.6.  
 

Theorem 2.3: Let 𝜇 ∈ ℂ, 𝜈 ∈ ℤ, and 𝑗 ≥ 0. Then 
 
1

2
[𝐺𝑗
(𝜈)
(𝜉 + 1; 𝜇) + 𝐺𝑗

(𝜈)
(𝜉; 𝜇)]  

= ∑
𝑗
𝑠=1 (

𝑗
𝑠
) (∑𝑠−1𝑞=0

(−1)𝑞+𝑠+1

(𝑞+1)𝑘
(𝑞 + 1)! 𝑆2(𝑠, 𝑞 +

1)) (−
𝜉

𝜇
)
𝑗−𝑠

(−𝜇)𝑗−𝑠.                                     (2.9) 

 

Proof: Using the definition in Eq. 2.1, we have  
 

∑∞𝑗=0 𝐺𝑗
(𝜈)
(𝜉 + 1; 𝜇)

𝑧𝑗

𝑗!
+∑∞𝑗=0 𝐺𝑗

(𝜈)
(𝜉; 𝜇)

𝑧𝑗

𝑗!
  

=
2L𝑖𝜈(1−𝑒

−𝑧)

(1+𝜇𝑧)
1
𝜇+1

(1 + 𝜇𝑧)
𝜉+1

𝜇 +
2𝐿𝑖𝜈(1−𝑒

−𝑧)

(1+𝜇𝑧)
1
𝜇+1

(1 + 𝜇𝑧)
𝜉

𝜇  

= 2𝐿𝑖𝜈(1 − 𝑒
−𝑧)(1 + 𝜇𝑧)

𝜉

𝜇  

= 2∑∞𝑞=0
(1−𝑒−𝑧)𝑞+1

(𝑞+1)𝑘
(1 + 𝜇𝑧)

𝜉

𝜇  

= 2∑∞𝑠=1 (∑
𝑠−1
𝑞=0

(−1)𝑞+𝑠+1

(𝑞+1)𝑘
(𝑠 + 1)! 𝑆2(𝑠, 𝑞 + 1))

𝑧𝑠

𝑠!
(1 + 𝜇𝑧)

𝜉

𝜇  

= 2(∑∞𝑠=1 (∑
𝑠−1
𝑞=0

(−1)𝑞+𝑠+1

(𝑞+1)𝑘
(𝑞 + 1)! 𝑆2(𝑠, 𝑞 +

1))
𝑧𝑠

𝑠!
) (∑∞𝑗=0 (−

𝜉

𝜇
)
𝑗
(−𝜇)𝑗

𝑧𝑗

𝑗!
),  

 

yields the result in Eq. 2.9.  
 

Theorem 2.4: Let 𝑐 ∈ ℕ, 𝜈 ∈ ℤ, and 𝑗 ≥ 0. Then  
 

𝐺𝑗
(𝜈)(𝜉; 𝜇)    

= ∑𝑑−1𝑎=0 ∑
𝑗
𝑣=0 ∑

𝑣+1
𝑣=1 (

𝑗
𝑣
)𝑐𝑗−𝑣−1

(−1)𝑣+𝑠+1𝑠!𝑆2(𝑣+1,𝑠)

𝑠𝑘𝑣+1
  

𝐺𝑗−𝑣
(𝜈)
(
𝑣+𝜉

𝑐
;
𝜇

𝑐
).                 (2.10) 

 
Proof: Using Eq. 2.1, we find  
 

∑∞𝑗=0 𝐺𝑗
(𝜈)
(𝜉; 𝜇)

𝑧𝑗

𝑗!
=
2𝐿𝑖𝜈(1−𝑒

−𝑧)

(1+𝜇𝑧)
1
𝜇+1

(1 + 𝜇𝑧)
𝜉+1

𝜇   

=
2𝐿𝑖𝜈(1−𝑒

−𝑧)

(1+𝜇𝑧)
𝑐
𝜇+1

∑𝑐−1𝑎=0 (1 + 𝜇𝑧)
𝑙+𝜉

𝜇   

= (
L𝑖𝜈(1−𝑒

−𝑧)

𝑧
)
1

𝑐
∑𝑐−1𝑎=0

2𝑐𝑧

(1+𝜇𝑧)
𝑐
𝜇+1

(1 + 𝜇𝑧)
𝑙+𝜉

𝜇   

= (∑∞𝑣=0 (∑
𝑣+1
𝑠=1

(−1)𝑣+𝑠+1

𝑠𝑘
𝑠!
𝑆2(𝑣+1,𝑠)

𝑣+1
)
𝑧𝑣

𝑣!
)  

(∑∞𝑗=0 𝑐
𝑗−1∑𝑐−1𝑎=0 𝐺𝑗(

𝑙+𝜉

𝑐
;
𝜇

𝑐
)
𝑧𝑗

𝑗!
),  

which gives the result in Eq. 2.10.  
 

Theorem 2.5: Let 𝜈 ∈ ℤ and 𝑛 ≥ 0, then 
 

𝐺𝑗
(𝜈)
(𝜉 + 𝑢; 𝜇) = ∑

𝑗
𝑟=0 (

𝑗
𝑟
)𝐺𝑗−𝑟

(𝜈)
(𝜇)𝑟 (

𝑢

𝜇
)
𝑟
.                         (2.11) 

 

Proof: Using Eq. 2.1, we see  
 

∑∞𝑗=0 𝐺𝑗
(𝜈)
(𝜉; 𝜇)

𝑧𝑗

𝑗!
=
2𝐿𝑖𝜈(1−𝑒

−𝑧)

(1+𝜇𝑧)
1
𝜇+1

(1 + 𝜇𝑧)
𝜉+1

𝜇    

= (∑∞𝑗=0 𝐺𝑗
(𝜈)
(𝜉; 𝜇)

𝑧𝑗

𝑗!
) (∑∞𝑟=0 (𝜇)

𝑟 (
𝑢

𝜇
)
𝑟

𝑧𝑟

𝑟!
).  

 

On comparing the coefficients of 
𝑧𝑗

𝑗!
, we get the 

result in Eq. 2.11. 
 

Theorem 2.6: Let 𝜈 ∈ ℤ and 𝑛 ≥ 0. Then 
 

𝐺𝑗
(𝜈)
(𝜉; 𝜇) = ∑

𝑗
𝑟=0 (

𝑗
𝑟
)(−

𝑤

𝜇
)𝑟(−𝜇)

𝑟𝐺𝑗−𝑟
(𝜈)
(𝜉 − 𝑤; 𝜇).  

                (2.12) 
 

Proof: Using Eq. 2.1, we find  
 

∑∞𝑗=0 𝐺𝑗
(𝜈)
(𝜉; 𝜇)

𝑧𝑗

𝑗!
=
2𝐿𝑖𝜈(1−𝑒

−𝑧)

(1+𝜇𝑧)
1
𝜇+1

(1 + 𝜇𝑧)
𝜉−𝑤

𝜇 (1 + 𝜇𝑧)
𝑤

𝜇   

= (∑∞𝑗=0 𝐺𝑗
(𝜈)
(𝜉; 𝜇)

𝑧𝑗

𝑗!
) (∑∞𝑟=0 (−

𝑤

𝜇
)
𝑟

(−𝜇𝑧)𝑟

𝑟!
),  

 

which completes the result in Eq. 2.12.  
 

Theorem 2.7: Let 𝜈 ∈ ℤ and 𝑛 ≥ 0, then 
 

𝐺𝑗
(𝜈)
(𝜉 + 1; 𝜇)

𝑧𝑗

𝑗!
= ∑

𝑗
𝑟=0 𝐺𝑗−𝑟

(𝜈)
(𝜉; 𝜇) (−

1

𝜇
)
𝑟
(−𝜇)𝑟

𝑧𝑗

(𝑗−𝑟)!𝑟!
.  

                (2.13) 
 

Proof: Using Eq. 2.1, we see  
 

∑∞𝑗=0 𝐺𝑗
(𝜈)
(𝜉 + 1; 𝜇)

𝑧𝑗

𝑗!
−∑∞𝑛=0 𝐺𝑗

(𝜈)
(𝜉; 𝜇)

𝑧𝑗

𝑗!
=

2L𝑖𝜈(1−𝑒
−𝑧)

(1+𝜇𝑧)
1
𝜇+1

(1 + 𝜇𝑧)
𝜉

𝜇((1 + 𝜇𝑧)
1

𝜇 − 1)  

= (∑∞𝑗=0 𝐺𝑗
(𝜈)
(𝜉; 𝜇)

𝑧𝑗

𝑗!
) (∑∞𝑟=0 (−

1

𝜇
)𝑟
(−𝜇𝑧)𝑟

𝑟!
) −

∑∞𝑗=0 𝐺𝑗
(𝜈)
(𝜉; 𝜇)

𝑧𝑗

𝑗!
  

= ∑∞𝑗=0 ∑
𝑗
𝑟=0 𝐺𝑗−𝑟

(𝜈)
(𝜉; 𝜇) (−

1

𝜇
)
𝑟
(−𝜇)𝑟

𝑧𝑗

(𝑗−𝑟)!𝑟!
−

∑∞𝑗=0 𝐺𝑗
(𝜈)
(𝜉; 𝜇)

𝑧𝑗

𝑗!
,  

 
which gives the result in Eq. 2.13.  

3. General identities  

Here, we establish general identities for the 

degenerate poly-Genocchi polynomials 𝐺𝑗
(𝜈)
(𝜉; 𝜇) by 

applying the generating function. We start the some 
identities as follows. 

 
Theorem 3.1: Let 𝜈 ∈ ℤ, 𝑎, 𝑏 > 0, and 𝑛 ≥ 0. Then  
 

∑𝑗𝑟=0 (
𝑗
𝑟
)𝑏𝑟𝑎𝑗−𝑟𝐺𝑗−𝑟

(𝜈)
(𝑏𝜉; 𝜇)𝐺𝑟

(𝜈)
(𝑎𝜉; 𝜇)  

= ∑
𝑗
𝑟=0 (

𝑗
𝑟
)𝑎𝑟𝑏𝑗−𝑟𝐺𝑗−𝑟

(𝜈)(𝑎𝜉; 𝜇)𝐺𝑟
(𝑟)(𝑏𝜉; 𝜇).                     (3.1) 
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Proof: Suppose  
 

𝐴(𝑧) = (
4L𝑖𝜈(1−𝑒

−𝑎𝑧)L𝑖𝜈(1−𝑒
−𝑏𝑧)

((1+𝜇𝑧)
𝑎
𝜇+1)((1+𝜇𝑧)

𝑏
𝜇+1)

) (1 + 𝜇𝑧)
2𝑎𝑏𝜉

𝜇 .                (3.2) 

𝐴(𝑧) = ∑∞𝑗=0 𝐺𝑗
(𝜈)
(𝑏𝜉; 𝜇)

(𝑎𝑧)𝑗

𝑗!
∑∞𝑟=0 𝐺𝑟

(𝜈)
(𝑎𝜉; 𝜇)

(𝑏𝑧)𝑟

𝑟!
  

= ∑∞𝑗=0 ∑
𝑗
𝑟=0 (

𝑗
𝑟
)𝑎𝑗−𝑟𝑏𝑟𝐺𝑗−𝑟

(𝜈)
(𝑏𝜉; 𝜇)𝐺𝑟

(𝜈)
(𝑎𝜉; 𝜇)

𝑧𝑗

𝑗!
.  

 

Similarly, we can show that  
 

𝐴(𝑧) = ∑∞𝑗=0 𝐺𝑗,𝜇
(𝜈)
(𝑎𝜉; 𝜇)

(𝑏𝑧)𝑗

𝑗!
∑∞𝑟=0 𝐺𝑟,

(𝜈)
(𝑏𝜉; 𝜇)

(𝑎𝑧)𝑟

𝑟!
  

= ∑∞𝑗=0 ∑
𝑗
𝑟=0 (

𝑗
𝑟
)𝑎𝑟𝑏𝑗−𝑟𝐺𝑗−𝑟

(𝜈)
(𝑎𝜉; 𝜇)𝐺𝑟

(𝜈)
(𝑏𝜉; 𝜇)

𝑧𝑗

𝑗!
,  

 

which proves the identity in Eq. 3.1.  
 

Remark 3.1: Letting 𝑏 = 1, Theorem 4.1reduces the 
following result  
 

∑𝑗𝑟=0 (
𝑗
𝑟
)𝑎𝑗−𝑟𝐺𝑗−𝑟

(𝜈)
(𝜉; 𝜇)𝐺𝑟

(𝜈)
(𝑎𝜉; 𝜇)  

= ∑
𝑗
𝑟=0 (

𝑗
𝑟
)𝑎𝑟𝐺𝑗−𝑟

(𝜈)(𝑎𝜉; 𝜇)𝐺𝑟
(𝑟)(𝜉; 𝜇).                                  (3.3) 

 

Theorem 3.2: Let 𝜈 ∈ ℤ, 𝑎, 𝑏 > 0, and 𝑛 ≥ 0. Then  
 

∑𝑗𝑟=0 (
𝑗
𝑟
)𝑎𝑗−𝑟𝑏𝑟𝐺𝑗−𝑟

(𝜈)(𝑏𝜉; 𝜇)∑𝑟𝑖=0 (
𝑟
𝑖
)𝜏𝑖(𝑎 − 1; 𝜇)𝐺𝑟−𝑖

(𝜈)
(𝑎𝜂; 𝜇)  

= ∑
𝑗
𝑟=0 (

𝑗
𝑟
)𝑎𝑟𝑏𝑗−𝑟𝐺𝑗−𝑟

(𝜈)(𝑎𝜉; 𝜇)∑𝑟𝑖=0 (
𝑟
𝑖
)𝜏𝑖(𝑏 −

1; 𝜇)𝐺𝑟−𝑖
(𝜈)(𝑏𝜂; , 𝜇).                    (3.4) 

 

Proof: We now use  
 
𝐵(𝑧) =  

4L𝑖𝜈(1−𝑒
−𝑎𝑧)L𝑖𝜈(1−𝑒

−𝑏𝑧)(1−(−(1+𝜇𝑧))
𝑎𝑏
𝜇 )(1+𝜇𝑧)

𝑎𝑏(𝜉+𝜂)
𝜇

((1+𝜇𝑧)
𝑎
𝜇+1)((1+𝜇𝑧)

𝑏
𝜇+1)2

  

 
to find that  
 

𝐵(𝑧) = (
2𝐿𝑖𝜈(1−𝑒

−𝑎𝑧)

(1+𝜇𝑧)
𝑎
𝜇+1

) (1 + 𝜇𝑧)
𝑎𝑏𝜉

𝜇 (
1−(−(1+𝜇𝑧))

𝑎𝑏
𝜇

(1+𝜇𝑧)
𝑏
𝜇+1

)  

× (
2𝐿𝑖𝜈(1−𝑒

−𝑏𝑧)

(1+𝜇𝑧)
𝑏
𝜇+1

) (1 + 𝜇𝑧)
𝑎𝑏𝜂

𝜇   

= ∑∞𝑗=0 𝐺𝑗
(𝜈)(𝑏𝜉; 𝜇)

(𝑎𝑧)𝑗

𝑗!
∑∞𝑟=0 𝜏𝑟(𝑎 −

1; 𝜇)
(𝑏𝑧)𝑗

𝑗!
∑∞𝑖=0 𝐺𝑖

(𝜈)
(𝑎𝜂; 𝜇)

(𝑏𝑧)𝑖

𝑖!
  

= ∑∞𝑗=0 𝐺𝑗
(𝜈)(𝑏𝜉; 𝜇)

(𝑎𝑧)𝑗

𝑗!
∑∞𝑟=0 ∑

𝑟
𝑖=0 (

𝑟
𝑖
)𝑏𝑟𝜏𝑖(𝑎 −

1; 𝜇)𝐺𝑟−𝑖,𝜇
(𝜈)

(𝑎𝜂)
𝑡𝑟

𝑟!
  

 

  

𝐵(𝑧) = ∑∞𝑗=0 (∑
𝑗
𝑟=0 (

𝑗
𝑟
)𝑎𝑗−𝑟𝑏𝑟𝐺𝑗−𝑟

(𝜈)(𝑏𝜉; 𝜇)∑𝑟𝑖=0 (
𝑟
𝑖
)𝜏𝑖(𝑎 − 1; 𝜇)𝐺𝑟−𝑖,𝜇

(𝜈) (𝑎𝜂))
𝑧𝑗

𝑗!
.                                     (3.5) 

 
Using a similar plan, we get 
 

𝐵(𝑧) = ∑∞𝑗=0 (∑
𝑗
𝑟=0 (

𝑗
𝑟
)𝑎𝑟𝑏𝑗−𝑟𝐺𝑗−𝑟

(𝜈)(𝑎𝜉; 𝜇)∑𝑟𝑖=0 (
𝑟
𝑖
)𝜏𝑖(𝑏 − 1; 𝜇)𝐺𝑟−𝑖

(𝜈)
(𝑏𝜂))

𝑧𝑗

𝑗!
,                                       (3.6) 

  

 
which yields the desired result.  

4. Concluding remark 

In this paper, we consider the modified 
degenerate poly-Genocchi polynomials are defined 
employing the following generating function  

 
2𝐿𝑖𝜈(1−𝑒

−2𝑧)

(1+𝜇𝑧)
1
𝜇+1

(1 + 𝜇𝑧)
𝜉

𝜇 = ∑∞𝑗=0 𝐺𝑗,2
(𝜈)
(𝜉; 𝜇)

𝑧𝑗

𝑗!
.                (4.1) 

 

Thus, by Eq. 4.1, we easily get 𝐺0,2
(𝜈)
(𝜉; 𝜇) = 0. 

When 𝜉 = 0, 𝐺𝑗,2
(𝜈)
(𝜇) = 𝐺𝑗,2

(𝜈)
(0; 𝜇) are called the 

modified degenerate Genocchi numbers. For 𝜈 = 1, 
we note that  

 
2𝐿𝑖1(1−𝑒

−2𝑧)

(1+𝜇𝑧)
1
𝜇+1

(1 + 𝜇𝑧)
𝜉

𝜇 = ∑∞𝑗=0 𝐺𝑗,2(𝜉; 𝜇)
𝑧𝑗

𝑗!
.                (4.2) 

 
Hence 

𝐺𝑗,2
(1)
(𝜉; 𝜇) = 𝐺𝑗(𝜉; 𝜇), (𝑗 ≥ 0).b  
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