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In this paper, we have established new weighted Hermite-Hadamard type
inequalities for strongly GA-convex functions. Those findings are obtained by
using geometric
differentiable mappings whose derivative in absolute value are strongly GA-
convex. Some previous results are special cases of the results obtained in this

symmetry of continuous positive mappings and
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1. Introduction

Karamardian (1969a) introduced strongly
convex functions. However, we can find some
references (Merentes and Nikodem, 2010; Nikodem
and Pdles, 2011) citing Polyak (1966) as being the
pioneer to introduce this notion. Karamardian
(1969b) investigated the class of scalar functions
whose gradients are strongly monotone. It is well
known that every continuously differentiable
function is strongly monotone if its Jacobian matrix
is strongly positive definite (Karamardian, 1969a).

Niculescu (2000) investigated the class of
multiplicatively convex functions by replacing the
arithmetic mean to the geometric mean. It is well
known that every polynomial p(x) with non-
negative coefficients is a multiplicatively convex
function on [0,). More generally, every real
analytic function P(x) =Y c,x" with non-
negative coefficients is a multiplicatively convex
function on (0,R), where R denotes the radius of
convergence (Niculescu, 2000). Niculescu (2000)
showed that a continuous function ¥: G c (0, ) —
[0, ) is multiplicatively convex if and only if x,y €

G = P/xy) < JPY().
Qi and Xi (2014) introduced a new concept of
geometrically quasi-convex functions and
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established some integral inequalities of Hermite-
Hadamard type for the function whose derivatives
are of geometric quasi-convexity (Qi and Xi, 2014).
Noor et al. (2017) introduced generalized
geometrically convex functions and derived some
basic inequalities related to generalize geometrically
convex functions. Noor et al. (2017) also established
new Hermite-Hadamard type inequalities for
generalized geometrically convex functions. For
more details, one can refer to (Latif, 2014; Niculescu
and Persson, 2006; Noor et al, 2014a; 2014b;
Shuang et al,, 2013; Zhang et al., 2013).

Recently, Obeidat and Latif (2018) established
some new weighted Hermite-Hadamard type
inequalities for geometrically quasi-convex functions
and also showed how we can use inequalities of
Hermite-Hadamard type to obtain the inequalities
for special means. For more details on Hermite-
Hadamard inequalities, we refer the interested
reader (Dragomir and Pearce, 2003; Latif, 2014;
Shuang et al., 2013; Zhang et al., 2013; Qi et al,
2005).

Motivated by Noor et al. (2017) and Obeidat and
Latif (2018), we establish some new weighted
Hermite-Hadamard inequalities for strongly GA-
convex functions by using geometric symmetry of a
continuous positive mapping and a differentiable
mapping whose derivatives in absolute value are
strongly GA-convex.

2. Preliminaries
Let ¢: [c,d] = R be a convex function with ¢ < d.

Then the following double inequality is known as
Hermite-Hadamard inequality in the literature.
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¢<C;d)Sﬁfcdw(x)de

Definition 1: Let G € R, = (0, o). The set G is said
to be geometrically convex set, if x%y' %€
G, Vxy€G,8 € [0,1] (Niculescu, 2000).

P(e) +¥(d)
> :

Definition 2: A function {:G € R, = (0,0) - R is
said to be geometrically convex on G, if (Niculescu,
2000),

YOy 8) < SP(x) + (1= HY(),
[0,1].

Vx,y €G,6 €

Definition 3: A function : G S R, = (0,0) - R is
said to be geometrically symmetric with respect to
Ved if g (%) = Y(x) for every x € G (Obeidat and
Latif, 2018).

Definition 4: A function {:G € R, = (0,0) - R is

said to be strongly GA-convex with modulus p > 0, if
(Turhan et al., 2018),

(D) Az (c,d) =

PPy < 8P(x) + (1= &)P(y) — pus(1 = 6) Il Iny —
Inx 12, Vx,y €G,6€[01].

Lemma 1: For 0 < ¢ < d, we have (Obeidat and Latif,
2018):

W) A (cd) = f |ln(c 2 d 2 )|d5 =
/(lnc)z—3(lnd)2+2(1nc)(lnd)‘ ifd<1,

4(Ind—Inc)

—(Inc)?+3(Ind)?-2(Inc)(Ind) .

I 4(Ind—-Inc) lf\/a =1
(Inc)?+5(Ind)?+2(Inc)(Ind) .

\ 4(Ind—-Inc) lf\/_ d<1l<d

1-§ 1468

1+8
(2) A, (c,d) = f czdz |1n(C2d2)|d5
/Z[d dind— \/_+\/_1n(\/_)] ifd<1,
Ind-Inc
_ [ 2[-d+dInd+Vcd— \/_ln(\/_)] .
- | Ind-Inc lf\/a =1L
\2[2—d+dlndln;/:r:/_dln(\/ﬁ) ) ifved <1 < d.

Lemma 2: For 0 < ¢ < d, we have:

1 18 148 18 148
f 6czdz|ln(czdz=)|ds
4[d(-(Ind)?+(Ind)(InVecd)+2Ind - 1m/_ 2)—Ved(InVed— z)

(Ind-Inc)?

4[d((Ind)?-(Ind)(InvVed)—2Ind +InvVed +2) +ved (InVed — z)]

(Ind-Inc)?

4[d((Ind)?-(Ind)(InvVcd)—2Ind +InvVed +2) +Ved (2-Inved) —2Inved —4]
\ (Ind-Inc)?

(2) A4 (c,d) =

(Ind—- lnc)3

(Ind— lnc)3

= +4—ln\/_ d + 6) — (InVed)? —

fl ST d
[d((Ind)?(=Ind + 2Invcd + 3) —
+4—ln\/_ d + 6) + (Inved)? + 4Inved + 6) — 2v/cd(3 —

[d((Ind)?(Ind — 2Inved — 3) + Ind((Inved)?

ifd <1,
ifved = 1,
, ifved<1<d.
1-5§ 146
2 |ln(c zdz)|dé
Ind ((InvVcd)?
Inved)], ifd<1,
4Inved — 6) + 2Ved(3 —Inved)],  ifVed =1,

[d((Ind)3 — (Inved)? — 3(Ind)? + 6Ind + Ind (Invcd)?

For simplicity, we will use the following notations

(Ind— lnc)3
—2(Ind)?(InVed) + 4Indlnved — 4Inved — 6)
+2(InVed)? + 2VedInved + 8Inved — 6vcd + 12], ifved <1 <d.
1-6 146
3) A5 (c,d) = f01 S|In(c2 d2)|dd
2[—(1nx/a)3—2(lnd)3+3(ln\/a)(lnd)2]’ ifd<1,
3(Ind-Inc)?
2[(1nx/ﬁ)3+2(1nd)3—3(1nﬁ)(lnd)2]' ifved > 1,
3(Ind-Inc)?
[—(ln\/a)3+2(lnd)3—3(ln\/a)(lnd)z], if\/a< 1<d.
3(Ind—Inc)?
1 1§ 1§
(4) Ag (c,d) —f 8%|In(c’z d 2 )|dé
2[(InVed)*+8(Ind)3 (Inved)— 6(1nd)2(1n\/_)2—3(lnd)] ifd<1
( 3(Ind-Inc)3 hd=4
_l 2[-(Inved)*— 8(1nd)3(13n\/_)+6(1:1d) (ln\/_)2+3(lnd)4] ifved > 1,
(Ind—Inc)
2[(InVed)*-8(Ind)3(InVed) +6(Ind)?(Inved)? +3(Ind)*) .
\ S(noine? , ifved<1<d.

d, and let A: [c,d] =

[0,) be a continuous positive

throughout the manuscript:

1-6 146 146 1-6
p1(8)=c2dz2 and p,(§)=c2d 2.

Lemma 3: Let Y:GES R, =(0,0)>R be a
differentiable function on G° and c,d € G® with c <

114

mapping and geometrically symmetric to ved. If §’ €
L[c,d] and ¢: G € R, = (0,0) = R is geometrically
symmetric with respect to vcd, the (Obeidat and
Latif, 2018),
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(Ind)y(d)+(Inc)yp(c) fd (Inx)A(x) dx — fd (Inx) A(x) P (x) dx
Ind+Inc x c x
_ (Ind-Inc)
- 2(Ind+Inc)
(8) (Inx)A(x) ,
IN (p";@ 0 ) oy (8)n (o1 (59 (01 (6))dS

= Jy (125 S29 ) p, (6)In (o2 ()9 (p2(8)) a6 |

3. Main results
In this section, we will discuss our main results.

Theorem 1: Let y:GES R, =(0,00) >R be a
differentiable function on G° and c,d € G® with c <
d, and let A: [c,d] — [0,00) be a continuous positive
mapping and geometrically symmetric to Ved. If ' €
Llc,d], :GES R, =(0,0) > R is geometrically
symmetric with respect to v/cd and || is strongly
GA-convex on [c, d] with modulus p > 0, then,

|nd)y(d)+(Inc)p(c) fd (lnx)l(x)d
Ind+Inc

_ 2
< 0Dy 20, [@(AZ( d) + 8(d, €) — Aol d) +

Az(d, c))

+ O (A, (c, d) + By(d, ©) + Ay(c, ) — A3(d, ©))

—% Il Ind — Inc 112 (Ay(c,d) + Ay(d, c) — Ay(c,d) —

84(d, )]

fd anx)/l(xmx) dac |

where || 4 llo= supyejc,ajlA(X)]

Proof: For the proof of this theorem, we will use
Lemma 3.

(Ind)y(d)+(Inc)y(c) fd (lnx)/l(x)d fd (lnx)/l(x)lp(x)d
Ind+Inc x
_ (Ind-Inc)
~ 2(Ind+Inc)
1 ( +p1(8) (Inx)A
|55 (1225 S22 ) py (8)In (o1 () (p1 (8))d6

-1 (f 210 QI 1) o, (8)In(p2 (S)Y (p2(8))d8].

This implies,

|dnd)y(d)+(Inc)P(c) fd (Inx)A(x) dx — fd (Inx)A(x)p(x) dx|
. llrildl-i—lnc x c x
< 2( nd-Inc) I
(Ind+Inc)
@1 ,
Mo [fy ([0 52 dx) pr(®)IInor ()11 (01.(8))1d6
1 @)1 i
+ 5 (;1(5) %dX)pz(tY)lln(pz@))lldf (pz(5))|d5]- 1)

Since |y'| is strongly GA-convex function on [c, d]
with modulus ¢ > 0, we have:

1-8 146
[W'(cz d2)]

|¢ (0] =
E (o)) + B2 '@ - £ @ - 8)(A +6) Il Ind -
Inc I|2 )
and
+5 (1-8)

W (P2 (O] = W d 70|

<2+ 2 W@l -5+ 6)(1 - 8) Il Ind -
Inc I|2 3)

Using (2) and (3) in (1), we have:
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|(nd)yp(d)+(Inc)y(c) fd (lnx)/l(x)d
Ind+Inc

< QA= 2, [y (“ Do)l +(”‘”|¢<d)|
—%(1~6?) Il Ind — Inc I2) py () In(py (6))1d5

I (S22 + 2 @) £ (1 - 82) I nd -
Inc 117) p(8)1n(p (6))|d6].

_ fd (1nx)l(x)¢(x) dx

[

By applying Lemma 1 and 2, we have:

|nd)yp(d)+({Inc)y(c) fd (lnx)/l(x)d _fd (lnx)l(x)z,b(x)d
Ind+Inc

< (0O g, R @ (82(c,d) + By (d, ©) = B3(c,d) +

Az(d, C))
+ Illﬂz(d)| (Ay(c,d) + Ay(d, ©) + As(c,d) — Az(d, ©))

—% Il Ind — Inc 112 (A,(c,d) + A,(d, ¢) — Ay(c,d) —
A4(d,0))]-

This completes the proof.

1
If A(X) - (lnx)(lnd—lnc)'

with 1 < ¢ < d < o in Theorem 1, then,

Corollary 1: vV x € [c,d]

[And)yp(@)+ncyp(e) 1 [0 woo i |
[ | {ljnoiﬂnc Ind-Inc

< GEa2 [ ale.d) + 4 0 = haed) +
A3(d, )
+ Iw,w;d)l (Ay(c,d) + Ay(d, ©) + As(c,d) — As(d, ©))
—£ 1l Ind — Inc 1 (A,(c, d) + A, (d,€) — Ay (c, d) =
Ay (d,e))].

Corollary 2: If p = 0 in Theorem 1, then,

|nd)y(d)+(nc)y(c) fd (Inx)A(x) dx — fd (Inx)A(x)P(x) dx|

Ind+Inc c x c x
< QA= 3, [ 8y (c,d) + Ba(d, €) — Ag(c,d) +
A3(d, )
+ 24BN (4, (c,d) + By(d, ) + As(c,d) = A5(d, 0)],

where || A llo= supxefc,a)lA(X)]-

Remark 1: If |{)| is geometrically quasi-convex, then
the above theorem reduces to Theorem 1 of Obeidat
and Latif (2018).

Theorem 2: Let Y:GES R, =(0,00) >R be a
differentiable function on G° and c,d € G® with ¢ <
d, and let A: [c,d] — [0, ) be a continuous positive
mapping and geometrically symmetric to ved. If §’ €
Llc,d], y:GE R, =(0,0) > R is geometrically
symmetric with respect to vcd and |[{’|* is strongly
GA-convex on [c,d] for o > 1 with modulus p > 0,
then,

|(nd)yp(d)+(Inc)y(c) fd (lnx)/l(x)d

d (Inx)A(x)P(x)
[ Ind+Inc f x dx|

< (1nd 8lnc) 121y (aa1) l[(Az(Ca 1, da- 1)) b
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x (95 Ay (¢, d) — A5 (e d)) + 25 8y (e, ) +
As(c,d)) y
—£1lnd —Inc 12 (84 (c, d) — Aq(c,d)))

1

+(8y(d75, e ) ¢

x (B (A, (d, €) + s (d, ) + 2O (A, (d, )
85(d,0)) 1

~ 1 Ind ~ Inc I (84(d,) ~ 85 )|

where || A lloo= Supxeic,a)lA(X)|-

Proof: From Lemma 3, we have,

|Und)y(d)+(nc)P(c) d (Inx)A(x) _ d (Inx)A(x)p(x)
| Ind+Inc J‘C x dx fC x dx|
(Ind-Inc) I

~ 2(Ind+Inc)

Mo [fy ([25) =) 1 (O)]InCor DI (o1 (8)) 16

+Jy (J25) =2 dx) p2(8)In(oo ()Y (p2(8)) 18]

Applying Holder’s inequality, we have:

|Und)y(d)+(Inc)Pp(c) d (Inx)A(x) _ d (Inx)A(x)P(x)
| Ind+Inc fC x dx J‘C x dx|

- 2 - . L
< Qa3 [(“71 Jy 1 (®)lin(py=3(8))1do)

8
1/a

1_1
a

x (f InGoy (B)IIY'(1(8))1%d8)
a-1 1 & & 1_§
+(Z2]) paai(8)In(pya-1(8))1d5)
/a
(Ji o2 (DI (o2 (8))1%ds)’ ]
Using Lemma 1 and Lemma 2, and strong GA-

convexity of |Y'|% on [c,d] for @ > 1 with modulus
u > 0, we have:

|dnd)y(d)+(Inc)P(c) fd (Inx)A(x) dx — fd (Inx)A(x)p(x) dx
Ind+Inc c x c x

1
Ind—-Inc)? -1 & @ 1%
< % 12 lle [(aTAZ(C“_lr da—l))

x (B, (¢, d) — A, d)) + 2 4y (e, ) +
25(c,d)) )
~ ) Ind — Inc I? (8y(e,d) — Ao(e,d)))

1_1

+ (aT_lAz(dﬁ, Cﬁ))
X (lw,(;)la (A1(d, c) +As(d, 0)) + M(Al(d’ )=
As(d, ) L

—% Il Ind — Inc 112 (A;(d, ¢) — Ag(d, C))) ! ]

This completes the proof.

1
Corollary 3: If A(x) = (o (nd—Inc)’

1 < c < d < o in Theorem 2, then,

V x € [c,d] with

|Andyp(@+(nc)p(c) 1 fd A€) dx|

Ind+Inc Ind-Inc“c x

(Ind-lInc) (a-1 1-2 % a% 1_§
S TR eI (S GaTtD)

x (195 Ay (¢, d) — A5 (e d)) + 225 8y (e, ) +
As (e, d))

116

“ 1/a
—£1nd —Inc 12 (8 (c, d) = Aq(c,d)))

«  a \1-=
+ (8, (di, ca1))

x (195 (4, (d, ©) + A5 (d, ©)) + L5 (ay (d, o) —
As(d, c) .
1 ind ~ Inc I (8(d,0) ~ 8o ) |

Corollary 4: If p = 0 in Theorem 2, then,

|dnd)y(d)+Anc)y(c) fd (Inx)A(x) dx — J-d (Inx)A(x)YP(x) dx|
c X c x

Ind+Inc

< (ndhna”y gy (“—‘1)1_% [(A = azﬁ))l_é
- 8 ®\ 2 ’

! a 1(d)|®
x (ML Ay (c,d) — A5 (e, D) + P A () +
1/a
As(c,d)))
a a 1-=
+ (8o (e, can)) ©
x (5 (8 (d, 0) + A5 (e, ) + 90 4, (d, ) —

1/a
As(d, C))) ]'
where || 4 llo= supxejc,a)lA(X)]-

Remark 2: If |{'|* is geometrically quasi-convex,
then the above theorem reduces to Theorem 2 of
Obeidat and Latif (2018).

Theorem 3: Let Yy:GES R, =(0,00) >R be a
differentiable function on G° and c,d € G° with ¢ <
d, and let A: [c,d] — [0, ) be a continuous positive
mapping and geometrically symmetric to ved. If |’ €
Llc,d], y:GE R, =(0,0) > R is geometrically
symmetric with respect to vcd and [{’'|* is strongly
GA-convex on [c,d] for a > 1 with modulus p > 0
and o > 1 > 0, then,

|nd)y(d)+(nc)y(c) fd (Inx)A(x) dx — fd (Inx)A(x)P(x) dx|
c x x

Ind+Inc c )
(Ind-Inc)? a—1\1"3 1\ /@ al al 173
<&, (5) () [(AZ(Ca—l,da—1))
x (ML (A, (et at) — Ag(ch, d)) + O (At at) +
1/a
As(ct, dY) —g Il Ind — Inc 1% (A,(ct, dY) — A4(cl,dl))

a-1

a-1 1_;
+ (Az(dﬁ, cﬁ))
, a 1(d)|*
x (MO (ay ¢ty + A (d!, b)) + LD (a, d, ot -
As(dh b))
U 2 L.l Lol e
—le Ind — Inc || (Az(d,C)_AzL(de)) ]'

where || A lloo= supxefc,a)|A(2)]-

Proof: From Lemma 3, we have,

|nd)y(d)+(nc)y(c) fd (Inx)A(x) dx — fd (Inx)A(x)YP(x) dx|
Ind+Inc c x c x
(Ind-Inc) I
~ 2(Ind+Inc)
1 (R
Mo [fy (1275 ") pr(&)]In(or (BDIIY' (01 (6))]d6

P2 x

+fy (1225) 22 dx) o () o (BN 119 (p2(8))1d]

(4)



Sharma et al/International Journal of Advanced and Applied Sciences, 7(3) 2020, Pages: 113-118

Applying Hoélder’s inequality in (?7), we have:

|dnd)yp(d)+(Inc)p(c) rd (Inx)A(x) _
| Ind+Inc f x dx

_ _ a-1 a=l 1_E
< @y g, [(“—_lfol SO ONED

fd (lnx)lix)w(x) dx|

c

x (34, pl(a)un(pl(a))nw(pl(smads)
1__

+ (4231 P (®)linGp,(8)1do)
x (L1, PO (oG (o )17a8) |

Using Lemma 1 and Lemma 2, and strong GA-
convexity of |Y'|% on [c,d] for @ > 1 with modulus
u > 0, we have:

|nd)y(d)+(Inc)p(c) fd (lnx)l(x)d
| Ind+Inc

Ind—Inc)? 1-3 \1/a ol el 41
< w 1Al (__) (%) (Az(ca-1, da—1)) P
x (WJ (ZC)| (Az(Cl,dl) _ A3(Cl,dl)) + W”(zd)la (Az(Cl,dl) +
Az (ct,dh)
° 1/a
—E1ind = Inc 17 (8,(ct, dY) — Ay(c',dY))

fd (lnx)l(x)w(x) dx

a-1l

_ 1-=

(Az(du 1, Ca- 1))
x (W’ (2‘3)| (Az(dl,cl) + A3(dl,cl)) + |w’(2d)|a (Az(dl,cl) _
AS(dlﬁCl))

H 2 [ LAl 1a
— % Ilnd —Inc I (A,(d', ¢') — Ay (d', c ))) ]
This completes the proof.
1
Corollary 5: If )\(X) = m,
1 < ¢ < d < o in Theorem 3, then,

V x € [c,d] with

|dnd)p(@)+(nc)p(c) 1 fdlp(X)d |
| Ind+Inc Ind- lnc1

(Ind-Inc) a=1\'"a (1\/* asl asl 1
= 8(Inc) 2 Nlo (a—l) (L) (Az(ca-1,da-1))" @

’ 1(d)|*
x (W19 (a, (et dt) — Ag(ch, d)) + 2O (et ) +
Az(c',d")
" 1/a
—Z1Ind — Inc I? (8,(c", d") = Ay(c!, ab))

-l a-l\17g
+(A2(da 1,ca— 1))
! '(d ’
N (|1p (Zc)| (By(dL, ¢y + As(dL, 1)) +%(A2(dl’cl) _

Az (dh ch)
u 1/a
5 I1nd —Inc I (8,(d', ") = A,(d", ) ]

Corollary 6: If 4 = 0 in Theorem 3, then,

|(nd)y(d)+(Inc)P(c) fd (lnx)/l(x)d

d (Inx)A(x)P(x)
| Ind+Inc f x dx |

1

< 4 3 (22 )1_i 3" [(Az(c{i di i))l_a

l
! ! d ’
x (1L OF (8, (ct, dY) — By (et ay) + 2D (ay el dl) +
1/a
Bs(c!,d'))

a-l

a-1 1_§
+ (8,55, i)

117

, a 1(d)|*

x (_W (ZC)' (Dy(dh, b + As(dh, b)) + @(Az(dl,c’) -
1/a

As(d’,c))) ]

where || A lloo= Supxeic,a)lA(X)I-

Remark 3: If [¢'|* is geometrically quasi convex,
then the above theorem reduces to Theorem 3 of
Obeidat and Latif (2018).

4. Conclusion

In this paper, some new weighted Hermite-
Hadamard type inequalities for strongly GA-convex
functions are obtained by using geometric symmetry
of a continuous positive mapping and a
differentiable mapping whose derivatives in
absolute value are strongly GA-convex.
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