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In this paper, we extend the concept of ideal convergence of sequences in
metric spaces. Recently, the concept of ideal convergent double sequence
spaces defined by a compact operator. Motivated by this, we introduce some
ideal convergent double sequence spaces with the help of compact operator
T on the real space R and a bounded double sequence p = (p;;) of positive
real numbers. We examine some basic properties and prove some inclusions
relations on these new defined sequence spaces.
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1. Introduction

Let N,R,C be the sets of all natural, real, and
complex numbers respectively. We denote ,w
showing the space of all real or complex double
sequences.The ,l,, ,cand ,c, be denoted the
Banach spaces of bounded, convergent and null
double sequences of reals, respectively with the
norm

I x ll= sup|x;;].
ij

As a generalization of usual convergence, the
concept of statistical convergent was first introduced
by Fast (1951) and also independently by Buck
(1953) and Schoenberg (1959) for real and complex
sequences. Later on, it was further investigated from
a sequence space point of view and linked with the
summability theory by Fridy (1985), Salat (1980),
and many other authors. After that, the notion of
ideal convergence (I-convergence) was introduced
and studied by Kostyrko et al. (2000, 2005). Later
on, it was studied by Salat et al. (2004, 2005),
Tripathy and Hazarika (2009, 2011), Khan et al
(2014, 2015, 2017), Demirci (2001), Giirdal and
Sahiner (2008), Nabiev et al. (2007), Sahiner et al.
(2007, 2011), and the references therein.
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Definition 1.1: Let X and Y be two normed linear
spaces. An operator T: X = Y is said to be a compact
linear operator (or completely continuous linear
operator), if:

1. Tis linear
2. T maps every bounded sequence (x;) in X onto a
sequence T(x;) in Y which has a convergent
subsequence.

The set of all compact linear operator C(X,Y) is a
closed subspace of B(X,Y) and C(X,Y)is a Banach
space if Yis a Banach space (Kreyszig, 1978).
Following Basar and Altay (2003) and Sengoniil
(2007) were introduce the double sequence spaces
,S and ,S, with the help of compact operator T on R
as follows:

2S5 ={x = (x;j) € 3le:T(x) € 3¢}
250 = {x = (xij) € 2le:T(X) € 20}

Here we give some preliminaries about the notion of
[-convergence.

Definition 1.2: Let N X N be a non empty set. Then,
a family of sets I € 2NN is said to be an ideal in X if

1.0 €;
2.l is additive; thatis, A, B €I =>AUB €I,
3.1is hereditary thatis, A€ [,BS A= B € I

An Ideal I € 2¥*N s called non trivial if I # 2NN, A
non trivial ideal I € 2¥*N is called admissible if:

{{x}:x ENXN}C .
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A non-trivial ideal I is maximal if there cannot exist
any non-trivial ideal J # I containing I as a subset.

Definition 1.3: A non-empty family of sets F € 2V<N
is said to be filter on X if and only if

1.0¢F;
2.for,A,BE Fwehave ANB € F;
3.for each A€ F and A € B implies B € F.

For each ideal I, there is a filter F(I) corresponding
to I. That s,

F()={K SNXxN:K®€l,where K=NxN-K}. (1)

Definition 1.4: A double sequence x = (x;;) € ,w is
said to be I-convergent to a number L if for every € >
0, we have

{(i,)) ENXN:|x;; —L| = e} €. 2)

In this case, we write | — limx;; = L.

Definition 1.5: A double sequence x = (x;;) € w is
said to be I - null if L=0. In this case, we write
Definition 1.6: A double sequence x = (x;;) € ;w is

said to be I-Cauchy if for every € > 0 there exists
numbers m = m(e),n = n(e) such that

{(i,)) E NXN:|x;j — x| 2 €} €L 4)
Definition 1.7: A double sequence x = (x;;) € ;w is
said to be I-bounded if there exists M > 0 such that

{(i,)) €N X N: |x;;| > M} € L. (5)

Definition 1.8: A double sequence space E is said to
be solid or normal if (x;;) € E implies that (a;;x;;) €
E for all sequence of scalars (a;;) with |a;;| <1 for
all (i,j) e NxN.

Definition 1.9: A double sequence space E is said to
be symmetric if (xp;j;) € E whenever (x;;) €E,
where (i, j) is a permutation on N x N.

Definition 1.10: A double sequence space E is said
to be sequence algebra if (x;;.y;;) € E whenever

(i), (vij) EE.

Definition 1.11: A double sequence space E is said
to be convergence free if (y;;) € E whenever (x;;) €

E and x;; = 0 implies y;; = 0, for all (i,j) € N x N.

Definition 1.12: Let K = {(n;k;): (i,)):ny <n, <
ng <....and k; <k, <k; <....} SNXxNandE be a
double sequence space. A K-step space of E is a
sequence space
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Ak = {(aijxij): (x;5) € E}
where (@;;) be double sequence of scalars.

Definition 1.13: A canonical preimage of a sequence
(anikj) € A£ is a sequence (b,) € E defined as
follows:

b _{ank, forn,k €K
nk =0, otherwise .

Definition 1.14: A sequence space E is said to be
monotone if it contains the canonical preimages of
all its step-spaces.

Definition 1.15: Let [ = I¢, the class of all finite
subsets of N. Then I is an admissible ideal in N and Iy

convergence coincides with the usual convergence
(Kostyrko et al., 2000, 2005).

Definition 1.16: Let X be a linear space. A function
g:X = R is called paranorm, if for all x, y € X,

1L.glx)=0ifx=6,

2.g(=x) = g(x),

3.9(x+y) <g(x)+ 90,

4. If (4,) is a sequence of scalars with 4,, - A(n =
) and x,,a € X with x, - a(n — o) in the sense
that:

gx,—a)—>0(n—- o) , then
0(n - o).

g(/lnxn - Aa) -

We used the following lemmas for establishing
some results of this article.
Lemma 1.1: Every solid monotone
(Tripathy and Hazarika, 2011).

space is

Lemma 1.2: Let K € F(I) and M € N.If M ¢ I, then
MNK €¢I

Lemma 1.3: If/ € 2¥ and M € N.If M ¢ I, then M N
N ¢l

The following subspaces

L), lw (), c(p) and ¢, (p)

where p = (p;) is a sequence of positive real
numbers which were first introduced and discussed
by Maddox (1969, 1986). After then, Lascarides
(1971, 1983) defined the above sequence spaces in
different manner.

The following inequalities (Khan and Tabassum,
2011) will be used throughout the paper. Let p =
(pi;) be a double sequence of positive real numbers.

For any complex 4, with 0 <p;; < supp;; = H <

ij

oo, we have:

|A|P < max(1, |A|1).
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Let C = max(1,2771), then for the factorable
sequences (a;;) and (b;;) in the complex plane, we
have:

laij + bij P < C(Jag [P + |by;|Pi7).
2. Main results

In this article, we introduce the following classes
of double sequence spaces which are given as
follows:

28T (D) = {x = (xi)) € 2loo: {(L,)): IT(xi)) — L|Pi = €} €
I, for some L € C}

288 = {x = (xij) € 2loo: {@): [T (xi)) P 2 €} €

1 )
2856(P) = {x = (xij) € 3l IK >

0s.t.{(i,)): |T(xi]-)|Pii > K} eI}

280 (P) = {x = (x;)) € 2ot Sgp(|T(xij)|)pU < oo},

(6)

(8)
9)

We also denote,

2ME(P) = 28" (D) N 28 (P)
2 M (P) = 2855(P) N 28w(P).

where, p = (p;;) is a bounded double sequence of
positive real numbers.

Theorem 2.1: The classes of double
sequences ,84(p), 28’ (), 2 M4, (p), and M (p) are
linear spaces.

Proof: Let x = (x;;),¥ = (¥ij) € »8'(p) be any two
arbitrary elements and let , 8 be scalars. Then, for a

given € > 0, we have:

(G DT (i) — Ly|PU = i},for somel, €C}€I (10)
1

and,

{@): ITij) — LI = %},for somel, €Clel (11)
2

where,

M; = D.max{1, sup|a|Pi}
ij

M, = D.max{1, sup|B|Pi}
ij

and,

i = 0.

D = max{1, 2" 1} where H = supp;;
ij

Let,

Ay = {1 T (x;5) — Ly [P < ﬁ,for some L, € C} €
1
FO, (12)

Ay ={(, ):ITyj) — Lo|PU < ﬁ,for some L, € C} €
FD, (13)
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be such that A5, AS € I.
Then,

Az = {(,)): [(aT (xij) + BT (vi)) — (aly + BLy)|PY < €}

2 [{(@ ): |alPUIT (xi) — Lq P9 < o, la|Py. D}
N{E@ND:IBIPYIT (i) — Lo [P < ZLMZ |la|Pu. D3],

implies that A; € F(I). Thus A§=A{UAS €L
Therefore, a(x;;) + B(¥i;) € »8'(p), for all scalars

a,f and (x;)), (vij) € 2S'(p). Hence ,S'(p) is a
linear space and the proof of others follow similarly.

Theorem  2.2: The classes of double
sequences ,M{(p) and ,M{(p) are paranormed
spaces, paranormed by,

Pij
g(x;j) = sgp|T(xij)|71, where M = max{1, supp;;}.
ij i

Proof: Let x = (x;;),y = (y;j) € ;Mi(p). (P) It is
clear that g(x) = 0 ifand only if x = 6. (P,) g(—x) =
g(x) is obvious. (P;) Since % <1and M > 1, using
Minkowski’s inequality, we have:

vij
g(xij + yij) = sup|T (x;; + yi)|m
ij
vy

= sup|T(x;) + T (i)™

Y Pij Pij
< sup|T(x;))| ™ + sup|T(y;) |

ij ij
=g(x)+90).

Therefore,
gx+y) =g +9®)

(Py) Let (4;;) be a double sequence of scalars with
(Aij) = A(i,j » ) and (x;5),L € > M{(p) such that,

xij = L(i,j - ),
in the sense that,
glxi; —L) > 0(i,j — o).

Then, since the inequality g(x;;) < g(x;; —L) +
g(L) holds by subadditivity of g, the sequence g(x;;)
is bounded. Therefore,

9l(Aijxij — AL)] = g[(Ayjxij — Axij + Axi; — AL)]
= gl(Aij — Dxgj + Al — L]
< gl(Ai; — Dxij] + g[A(xi; — L)]
vy vy
< |(Aij = DImg(x;) + 1AM gy — L) -0,

as (i,j » o). That implies that the scalar
multiplication is continuous. Hence ,M(p) is a
paranormed space. For the another space zMsIO (p),
the proof is similar.

Theorem 2.3: The set ,M{(p) is closed subspace of
25w (P)-
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Proof: Let (x(pq)) be a Cauchy double sequence in
2 ME(p) such that x®9 — x. We show that x €

,M&(p). Since (x.(?q)) € ,M!(p), then there exists

(apq), and for every € > 0 such that {(i,): |x(pq)

a,q|’Y = €} € 1. We need to show that:

1. (apq) converges to a, where a is some scalar.
2.1fU = {(i, ): T (x;;) — a|’¥ < €}, then U° € I.

Since (x(pq)) be a Cauchy double sequence in
,M{(p) then for a given € > 0 there exists k, € N
that D) - T <5,

such suplT(x

for allp,q,r,s = k. For a given € > 0, we have,

Byars = {(L.1): ITGTD) = TIPu < M),
Byq = {(i,)): |T(x(”‘”> — apglPi < M},
Bys = {(i.)): |T(x(”’)) — arsPy < M.

Then By, Bsg, Brs € 1. Let B = Bgg,s N Bgg N
Bf;, where B = {(i,]): |ayq — a,s|’¥ < €}, then B €
I. We choose k, € B¢, then for each p,q,7,s = k,, we

have,

(@)t |apg = arslPV < €} 2 [{(0)): IT(xT ™) = apg P <
oM

NG N): ITCS?) = TP < ()M

NG )): lars — T(x (”))I”” <Gy

Then (a,q) is a cauchy double sequence in C. So,
there exists a scalar a € C such that (a,,) —
a,as p,q — oo.

For the next step, let 0 < § < 1 be given. Then,
we show that if:

= {@): ITEI?) - afPi < 8)

then U°¢ €1. Since xi(fQ)—>x, then there exists

Po, 9o € N such that,
= (@) TG ™) = TP < (™) (14)

implies P¢ €. The numbers p,,q, can be so
choosen that together with (14), we have:

Q = {(l’]) |a1”o‘70 - a|pij < (3%)1\4}
such that Q¢ € I. Since ( (pq)) € ,MZ(p). We have
(G IT@T) = ayq, [P0 = 8} € 1.

Then we have a subset S of N X N such that S¢ €
I, where

o . 8
S = {(l,]): |T(xi(f°q°)) - ap0q0|p” < (3_D)M}
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Let U¢ = P€ U Q° U S, where,
U={@N:1T(xij) — alPy < 6}.
Therefore, for each (i,j) € U¢, we have:

(G ): IT) = alPi < 6} 2 [{(G): IT(x %) = T(o)|Pu <
(;)M}

0 (0 |apyg, — alPi < (M)

0D TP = g, 1P < DM

Hence the result ,M{(p) € ,84(p) follows.
Since  the  inclusions 2MI(P) © ,8,(p)and
2W[}O(p) C ,8.(p)are strict so in view of Theorem
(2.3) we have the following result.

Theorem 2.4: The spaces , Mg (p) and ,M; (p) are
nowhere dense subsets of ;8 (p).

Theorem 2.5: The spaces ,S4(p) and ,M{ (p) are
both solid and monotone.

Proof: Here we consider ,8;(p) and for ,M, (p) the
proof shall be similar. Let x = (x;;) € »S4(p) be an
arbitrary element, then there exists € > 0 such that,

{@N: TP z e} €1 (15)
Let (@;;) be a sequence of scalars with |a;;| < 1 for

all i,j € N. Since |a|P¥ < max{l,|«|} <1, for all
[,j € N, where G = supp;;.
ij

T (etgjxi)|P = Jay; T () [PY < |T (x)|PU, for alli,j €
N.
{(l,]) € N xN: |T(al-]-xl-j)|pi1' > E} c {(l,]) e N x
N: |T(xij)|p"f = E}. (16)
Thus we have (a;;x;;) € ,84(p) . Hence ,84(p) is
solid sequence space this shows that ,Si(p) is
monotone sequence space. Since every solid
sequence space is monotone. For zMsIO (p) the proof
shall be similar.

Theorem 2.6: For any Orlicz function M, the space
,8!(p) and ,M!(p) are neither solid nor monotone,
if I is neither maximal nor I = I.

Proof: Here we give a counter example for
establishment of this result. Let X = ,8! and , M.
Let us consider | = I5.

Let p;j=1,if k=i+jis even and p;; = 2,if k =
i +jis odd. Consider, the K-step space Xy (p) of X(p)
defined as follows. Let x = (x;;) € X(p) and y =
(ij) € Xk (p) be such that,

_{xi]-, if k = i + jis even,
YVij =

17
0, otherwise. (17)
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Consider the sequence (x;;) defined by (x;;) =1
forall i,j € N. Then x = (x;;) € ,8'(p) and ,M{(p),
but K-step space preimage does not belong to ,S'(p)
and ,M{(p). Thus ,8'(p) and ,Ml(p) are not
monotone and hence they are not solid by Lemma
(1.1).

Theorem 2.7: Let (p;;) and (q;;) be two double

sequences of positive real numbers. Then
: eoys . cPij

2 M (p) 2 ,M{ (q) if and only if g}g}{mf—"‘> 0,

qij
where K € N x N such that K € F(I).

Proof: Let lim infp—f’: > 0 and (x;;) € ,M{ (q). Then,
i,JEK qij

there exists B >0 such that p;; > Bq;; for

sufficiently large k € K. Since (x;;) € ZMSIO (q). For a

given € > 0, we have

Bo = {(i,)) € N x N: |T(x;j)|% = €} € I.

Let G, = K° U By. Then for all sufficiently large
k E GO.

{(i,/) € N X N:|T(x;))|Pi = €} € {(i, ) € N x
N: | T(x;)|P% > €} € 1.

Therefore, (x;;) € 2]\/[5’0 (g). The converse part of
the result follows obviously.

Theorem 2.8: Let (p;;) and (q;;) be two double

sequences of positive real numbers. Then

2 M4, (@) 2 M, (p) if and only if lim infZ > 0,
L] i

Dij
where K € N x N such that K € F(I).

Proof: The proof follows similarly as proof Theorem
(2.7).

Theorem 2.9: Let (p;;) and (q;;) be two double
sequences of positive real numbers.
Then ,M{ (q) = ;Mg (p) if and

.. DPij
liminf—< > 0
ijeK  qij

only if

and

Y 0],
liminf— > 0,
iLjek  pij

where K¢ € N X NsuchthatK € 1.

Proof: By combining Theorem (2.7) and Theorem
(2.8) we get the desired result.

3. Conclusion

In this paper, the notions of paranorm I-
convergence of double sequence spaces defined by
compact operator have been defined here and some
elementary properties of these notions are obtained.
These definitions and results provide new tools to
deal with the convergence problems of sequences in
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the advance settings, occurring in many branches of
science and engineering.
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