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The main goal of this work is to obtain the numerical solution for thin film
flow of MHD an incompressible Eyring-Powell fluid on a vertically moving
belt. The nonlinear equation governing the flow problem is modeled and
then solved numerically by means of a successive linearization method
(SLM). The numerical results are derived in tables for comparisons. The
important result of this comparison is the high precision of the SLM in
solving nonlinear differential equations. The solutions take into account the
behavior of Newtonian and non-Newtonian fluids. Graphical outcomes of
various non-Newtonian parameters such as Hartman number and Stokes
number on the flow field are discussed and analyzed. Besides this, the
present results have been tested and compared with the available published

results in a limiting manner and an excellent agreement is found.

© 2019 The Authors. Published by IASE. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The most phenomena in the field of engineering
and science that occur are nonlinear. With this
nonlinearity the equations become more difficult to
handle and solve. Some of these nonlinear equations
can be solved by using approximate analytical
methods such as Homotopy analysis method (HAM)
proposed by Liao (1992, 2004), Homotopy
Perturbation method (HPM) it was found by He
(1999) and Adomain decomposition method (ADM)
(Esmaili et al, 2008; Makinde and Mhone, 2006;
Makinde, 2008). However, some of these equations
are solved via traditional numerical techniques such
as finite difference method, shooting method and
Keller box method, Runge-Kutta. Recently some
studies have presented a new method called
Successive Linearization Method (SLM). This method
has been applied successfully in many nonlinear
problems in sciences and engineering, such as the
MHD flows of non-Newtonian fluids and heat
transfer over a stretching sheet (Shateyi and Motsa,
2010), viscoelastic squeezing flow between two
parallel plates, (Makukula et al, 2010a), two
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dimensional laminar flow between two moving
porous walls (Makukula et al, 2010b) and
convective heat transfer for MHD boundary layer
with pressure gradient (Ahmed et al, 2015).
Therefore, the effectiveness, validity, accuracy and
flexibility of the SLM are verified among of all these
successful applications.

In the recent years, a great deal of interest has
been gained to fluids applications. Some fluids do not
express easily to by particular constitutive
relationship between shear rates and stress and
which is totally different than the viscous fluids
(Ellahi et al.,, 2008; Hayat et al.,, 2004). Theses fluids
including many home items namely, toiletries,
paints, cosmetics certain oils, shampoo, jams, soups
etc.,, have different features and are denoted by non-
Newtonian fluids. In general, the categorization of
non-Newtonian fluid models is given under three
classes which are named the integral, differential,
and rate types (Fetecau et al, 2007; Salah et al,
2011a; 2011b). In the present study, the main
interest is to discuss the thin-film flow of magneto
hydrodynamic (MHD) Powell-Eyring fluid on a
vertically moving belt. The fluid model is considered
here is too complicate and has preference over the
power-law fluid in the couple reasons. The First
reason is it is deduced from kinetic theory of liquid
rather than empirical relation as in the case of
power-law mode. Secondly, it correctly reduces to
the viscous fluid at low and high shear rates. This
motivates us to choose the Powell-Eyring fluid


http://www.science-gate.com/
http://www.science-gate.com/IJAAS.html
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:faisal19999@yahoo.com
https://doi.org/10.21833/ijaas.2019.02.004
https://orcid.org/0000-0003-0410-001X
https://orcid.org/0000-0003-0410-001X
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://crossmark.crossref.org/dialog/?doi=10.21833/ijaas.2019.02.004&amp;domain=pdf&amp

Salah et al/International Journal of Advanced and Applied Sciences, 6(2) 2019, Pages: 17-22

model in this study (Hayat et al., 2013; Malik et al,,
2013; Siddiqui et al, 2013). Besides that, the
equations in the non-Newtonian fluids propose some
big challenges to the researchers to seek their
solutions. The equations become very difficult when
non-Newtonian fluid is combined in the presence of
magneto hydrodynamic. It is the study of the
interaction of electro conducting fluids with
phenomena of electromagnetic. The flow of MHD
fluid in the presence of magnetic field is very
important in many regions of applied science,
engineering and technology such as MHD pumps and
MHD power generation. Due to this fact many
researchers are still contributing in the field of MHD
fluids mechanics (Hussain et al., 2010; Husain et al,,
2008; Khan et al., 2007; Wang et al., 2005).

Presently a new investigation on thin-film MHD
flow of Eyring Powell - fluid is discussed. The
governing equations of Powell-Eyring fluid with
MHD are utilized. The numerical solution to the
resulting nonlinear problem is computed by using
the SLM approach. The embedded flow parameters
are discussed and illustrated graphically.

2. Governing equations

The continuity and momentum equations for an
incompressible fluid, are given by

divV=0
plo+ W.V)V| = —VP +div S + pg — oB3V,

1)
(2)

Here, which p is the fluid density, V is the velocity
field, P is the pressure, S is the Cauchy stress tensor,
g is the body force per unit mass, and ¢ is electrical
conductivity of fluid.

The extra stress tensor S for Powell-Eyring fluid
satisfies the constitutive equations as given in Hayat
et al. (2013), Malik et al. (2013), and Siddiqui et al.
(2013) and is in the following form

S=uvv+ %sinh‘l (Gw) (3)
and
sinh™ (2vv) =~ 2vw -2 va)3 v« 1, (4)

where u is the dynamic viscosity of fluid and f and
c are the material constants of the Powell-Eyring
fluid model.

Consider the velocity in the following form as

V= (0,u(x),0),

with this choice of velocity, the constraint of
incompressibility is automatically satisfied. Also
assume the extra stress tensor is a function of x only
i.e. §=S(x). Substituting Eq. 4 into Eq. 3 and
keeping in mind that at ¢ = 0 the fluid is at rest, we
obtain
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and

1) 0u 1 au\3
Se = (14 20) 5~ 5 () - (%)
The balance of the linear momentum gives
] ap | Sy
Po =5, t 52— pg — oBju(x). (6)
Assume that the pressure is standard

atmospheric pressure and since the y - coordinate
and gravity force are in the upward direction, then
for the steady flow the above Egs. 5 and 6 become

(7

1] 0%u 1 9 (au

0=[u+g o5 ox \ox

3
sl o ) - pg — oBfu(x)

3. Formulation of lifting problem

Here we considering the steady, laminar and
uniform thin film flow of an incompressible MHD
Powell-Eyring fluid, which is chosen by a wide flat
belt moves vertically upward at a constant speed U,,.
The fluid drains down to the belt due to the gravity
effects. The thickness § of the thin-film is uniform
and the external pressure is the atmospheric
everywhere. The x- axis is perpendicular to the belt
and the y - axis is parallel to the belt, which is moves
in the upward direction.

The appropriate boundary conditions for this
problem are

(Free surface)
(no slip condition)

(8)

Sey=0at x=§
u(x)=U, at x=0

introducing the following dimensionless quantities

_X s _u o _ _pgs
s=5f= vt = Toer 0o
262 2
M= 98¢ H = Yo (9)

pers’  2BC38% ey

the problem statement reduces to,

LG % (8) (3F ()2 _

982 —H a&2 (T) - Mf(f) - St =0. (10)
5f(§)=1 at £ =0,

d—§=0 at §=1. (11)

4. Solution of the lifting problem

The Eq. 10 with the boundary condition Eq. 11
were solved using a successive linearization method
(SLM) (Makukula et al., 2010a; 2010b; Ahmed et al,,
2015) for SLM solution we choose the unknown
function f(§) in the form
() = £i®) + Dty Fn(®) (12)
where f;(¢) is unknown function and F,(§), m =1
is successive approximation which is obtained by
recursively solving the linear part of the equation
those results from substituting Eq. 12 in the
governing equations. The mean idea of SLM that the
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assumption of unknown function f;(¢) is very small
when i becomes very large, thus the nonlinear terms
in f;(¢) and its derivatives are considered to be very
small and therefore neglected. The intimal guess
function Fy(§) which is chosen to satisfy the
boundary condition Fy(§) =1lat § =0, F ()=
0 at & = 1, which is taken to be in the form F,(¢) =
St (i—z - E) + 1. Therefore, beginning from the initial
guess, the subsequent solution F; is obtained by
successively solving the linearized from the equation
which is obtained by substituting Eq. 12 in the

governing Eq. 10. Then we arrive at the linearized
equation to be solved is

r ! p—
i 1Fi—ay; 1 F —as; 1F, =11,

(13)
subject to the boundary conditions
F,(0)=1and F/(1) =1,

where the coefficients parameters a; ;_,, (k = 1,2,3)
and r; ;_q are defined as

. 2
a4 =1- H'(Z;nio F‘r;l) ,
azi-1 = 2H Z;r:iOF‘n"l o Fn
azi-1 =M Xht0E, and
. . 2 .

-1 = Se— YintoFn + H(Z;r:io Fn"l) YindoF +
MY E,. (14)

When we solve Eq. 10 iteratively, the solution for
F; has been obtained and finally after K iterations
the solution f(¢) can be written as

f(&) =Em=0Fm ().

In order to apply SLM firstly transform the
domain solution from (0, o0] to [—1,1]. SLM is based
on the Chebyshev spectral collection method. This
method is depending on the Chebyshev polynomials
defined on the interval [—1,1]. Thus, using the
domain truncation technique where the problem is
solved in the interval [—1,L] where L is scaling
parameter used to impose the boundary condition at

infinity. Thus, this can be obtained via the
transformation

§_nt1 -

1T, 1<np<1 (15)

By using the Gauss-Lobatto collocation points we
can discretize the domain [—1,1] as follows

n= cos%,Fi ~ YN o F(n)T(n;),i=01,..,N (16)

where N is the number of collection points and T, is
the k" Chebyshev polynomial given by

Tx(n) = cos[kcos™ (n)].

The derivatives of the variable at the collocation
points are in the form

d"F;
dér

= Yk=0DkjFi(n),j = 0,1,..,N (17)
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where r is the order of differentiation and D = %D

with D is the Chebyshev spectral differentiation
matrix. Substituting Eqgs. 15 to 17 into Eq. 13 we
arrive at the matrix equation

A 1Xi 1 =R,
_ 2
A1 =ay,;-1D° —az; 1D —az; 4.

(18)

Following the above procedure, we can obtain the
solution as

X, = A YR, . (19)

5. Drainage problem for MHD Eyring-Powell fluid

Under the same assumptions as in the previous
problem we consider the steady, laminar and
uniform MHD Eyring-Powell fluid, dropping on the
stationary infinite perpendicular wall. The flow is in
the downward direction due to gravity. The
thickness § of the thin film is uniform and the
external pressure is standard atmospheric.

The governing Egs. 1-3, then become

_ 11020 1 9 fou)3 2

0=+ 5|55 - =) +pg—-oBu®  (20)
subject to the boundary conditions
df
—_= =1
& 0 até ,
f®) =0 at €=0.

The above equation with these boundary

conditions is a highly nonlinear second-order
differential equation for the drainage problem.
Following the same process in section 4. We use the
SLM by assuming the intimal guess function F,(¢)
which is chosen to satisfy the boundary condition

F,(§)=0at&=0

and

FF@)=0ati=1

in the form

F© =5 (-5),

we can get the solution as
X; = A7 MR, .

6. Results and discussion

This section concerns with the variations of
embedded flow parameters in the solution
expressions for the lifting and drainage problems
together with the physical interpretation of the
problem have been discussed in Figs. 1-11. These
figures are plotted in order to illustrate such
variations. Here the graphs have been determined
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for the MHD thin film flow of steady Eyring-Powell
fluid on a vertically moving belt. Fig. 1 shows the
effects of Stokes number parameter S; on the
velocity profile when M,H are fixed and S; is an
increasing. It is of very important to notice that by
increasing the parameter S;, this would lead to
decreasing in the velocity profile. Physically, it is true
as increasing Stokes number causes the fluid’s
thickness and reduces its flow.
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1
N
N ——St=0.00
\\ — — St=0.50
0.9 N St=1.00
N ——St=150
N
N
08 N
N
N
N
— N
Zo7 N
= N
~
~
~
0.6 S
S
0.5 oI

0 0.‘1 0.‘2 0.‘3 0‘4 0.‘5 O.‘G 0.‘7 0.‘8 0‘9 1

¢
Fig. 1: Effects of Stokes number S, for f(§) on the in the
lifting case

Fig. 2 shows that velocity increases in drainage
flow case when Stokes number S; increases.
Physically, it is because of friction which seems very
small near to the belt and higher at the surface of the
fluid.
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Fig. 2: Effects of Stokes number S, for f(§) on the in the
drainage case

Fig. 3 is prepared to see the effects of applied
magnetic field (Hartman number) M on the velocity
profile. Keeping H, S; fixed and varying M, it is noted
that the velocity profile decreases by increasing the
magnetic field parameter M. From physical side we
observe that when we increasing the values of M, the
flow on velocity profile of f(§) decreases, in fact this
is due to the effects of the transverse magnetic field
on the electrically conducting fluid which gives rise
to a resistive type Lorentz force which tends to slow
down the motion of the fluid.

Fig. 4 shows that velocity in drainage flow case
when Hartman number increases the magnetic field
and velocity have a direct relation.
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Fig. 3: Effects of Hartman number M for f(§) on the lifting

case
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Fig. 4: Effects of Hartman number Mfor f(£) on the in the
drainage case

Fig. 5 shows the effects of the other material
constant parameter H on the velocity profile when
M, S; are fixed. It is worth noticing that by increasing
the parameter H would lead to a decrease in the
velocity profile (this is much related to increase in
the boundary layer thickness). This is due to the fact
that increasing the values of H would increase the
friction forces, and, thus, slow down the motion of
the fluid.
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Fig. 5: Effects of H for f(§) on the in the lifting case

Fig. 6 has an inverse relation with the velocity of
the drainage flow.
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Fig. 6: Effects of H for f(§) on the in the drainage case

It can be easily seen from Figs. 7-9 that the value
of velocity f'(¢§) near the lower plate surface
increases regularly with the increase in the value of
H,M,S;, respectively and as we move away from
lower plate surface this value increases.
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Fig. 7: Effects of H for f'(¢) on the in the lifting case
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Fig. 8: Effects of Hartman number Mfor f'(¢) on the in the
lifting case

Furthermore, the velocity profile for the MHD
Newtonian fluid in the lifting and drainage case is
shown in Figs. 10 and 11.

Finally, for the purposes of validation and the
accuracy the present result is compared with
published work in Siddiqui et al. (2013) in Table 1
and Table 2. It is found in an excellent agreement.
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Fig. 9: Effects of Stokes number S; for f'(¢) on the in the
lifting case
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Fig. 10: Velocity profile for the MHD Newtonian fluid in
the drainage case
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Fig. 11: Velocity profile for the MHD Newtonian fluid in
the lifting case

7. Conclusion

In this research, the problem of thin film flow of
MHD Eyring-Powell fluid on a vertically moving belt
is solved numerically. The numerical solutions are
well established by SLM. We note that the present
analysis is more general when compared with the
analysis presented in Siddiqui et al. (2013). The
results of Siddiqui et al. (2013) can be recovered as a
special case by taking M = 0, which is the MHD effect
Eyring-Powell fluid. Furthermore, the results for the
Newtonian fluid can be obtained by choosing H —
0,M — 0. This confirms the correctness of our
mathematical calculations.
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Table 1: Comparison of numerical values of f(§) on the
lifting case with Siddiqui et al. (2013) for several values of
EwhenM =0,H =0.15,5, =1

3 Siddiqui et al. (2013) Present work [SLM]
0.0000 1.0000 1.0000
0.1000 0.8976 0.9015
0.2000 0.8095 0.8145
0.3000 0.7342 0.7386
0.4000 0.6704 0.6736
0.5000 0.6175 0.6191
0.6000 0.5747 0.5749
0.7000 0.5418 0.5411
0.8000 0.5185 0.5173
0.9000 0.5046 0.5036
1.0000 0.50000 0.5000

Table 2: Comparison of numerical values of f(§) on the
lifting case with Siddiqui et al. (2013) Newtonian case i.e.
H = 0.0 for several values of  when M =0,S; = 1.

& Siddiqui et al. (2013) Present work [SLM]
0.00 1.0000 1.0000
0.10 0.9050 0.9050
0.20 0.8200 0.8200
0.30 0.7450 0.7450
0.40 0.6800 0.6800
0.50 0.6200 0.6200
0.60 0.5800 0.5800
0.70 0.5400 0.5400
0.80 0.5200 0.5200
0.90 0.5050 0.5050
1.00 0.5000 0.5000

Compliance with ethical standards
Conflict of interest

The authors declare that they have no conflict of
interest.

References

Ahmed MAM, Mohammed ME, and Khidir AA (2015). On
linearization method to MHD boundary layer convective heat
transfer with low pressure gradient. Propulsion and Power
Research, 4(2): 105-113.
https://doi.org/10.1016/j.jppr.2015.04.001

Ellahi R, Hayat T, Javed T, and Asghar S (2008). On the analytic
solution of nonlinear flow problem involving Oldroyd 8-
constant fluid. Mathematical and Computer Modelling, 48(7-
8): 1191-1200.
https://doi.org/10.1016/j.mcm.2007.12.017

Esmaili Q, Ramiar A, Alizadeh E, and Ganji DD (2008). An
approximation of the analytical solution of the Jeffery-Hamel
flow by decomposition method. Physics Letters A, 372(19):
3434-34309.
https://doi.org/10.1016/j.physleta.2008.02.006

Fetecau C, Prasad SC, and Rajagopal KR (2007). A note on the flow
induced by a constantly accelerating plate in an Oldroyd-B
fluid. Applied Mathematical Modelling, 31(4): 647-654.
https://doi.org/10.1016/j.apm.2005.11.032

Hayat T, Awais M, and Asghar S (2013). Radiative effects in a
three-dimensional flow of MHD Eyring-Powell fluid. Journal of
the Egyptian Mathematical Society, 21(3): 379-384.
https://doi.org/10.1016/j.joems.2013.02.009

Hayat T, Khan M, and Ayub M (2004). Couette and Poiseuille flows
of an Oldroyd 6-constant fluid with magnetic field. Journal of
Mathematical Analysis and Applications, 298(1): 225-244.
https://doi.org/10.1016/j.jmaa.2004.05.011

He JH (1999). Homotopy perturbation technique. Computer
Methods in Applied Mechanics and Engineering, 178(3-4):

22

257-262.
https://doi.org/10.1016/S0045-7825(99)00018-3

Husain M, Hayat T, Fetecau C, and Asghar S (2008). On accelerated
flows of an Oldroyd-B fluid in a porous medium. Nonlinear
Analysis: Real World Applications, 9(4): 1394-1408.
https://doi.org/10.1016/j.nonrwa.2007.03.007

Hussain M, Hayat T, Asghar S, and Fetecau C (2010). Oscillatory
flows of second grade fluid in a porous space. Nonlinear
Analysis: Real World Applications, 11(4): 2403-2414.
https://doi.org/10.1016/j.nonrwa.2009.07.016

Khan M, Saleem M, Fetecau C, and Hayat T (2007). Transient
oscillatory and constantly accelerated non-Newtonian flow in
a porous medium. International Journal of Non-Linear
Mechanics, 42(10): 1224-1239.
https://doi.org/10.1016/j.ijnonlinmec.2007.09.008

Liao S (2004). On the homotopy analysis method for nonlinear
problems. Applied Mathematics and Computation, 147(2):
499-513.
https://doi.org/10.1016/S0096-3003(02)00790-7

Liao S§J (1992). The proposed homotopy analysis technique for the
solution of nonlinear problems. Ph.D. Dissertation, Shanghai
Jiao Tong University, Shanghai, China.

Makinde OD (2008). Effect of arbitrary magnetic Reynolds
number on MHD flows in convergent-divergent channels.
International Journal of Numerical Methods for Heat and Fluid
Flow, 18(6): 697-707.
https://doi.org/10.1108/09615530810885524

Makinde OD and Mhone PY (2006). Hermite-Padé approximation
approach to MHD Jeffery-Hamel flows. Applied Mathematics
and Computation, 181(2): 966-972.
https://doi.org/10.1016/j.amc.2006.02.018

Makukula Z, Motsa SS, and Sibanda P (2010a). On a new solution
for the viscoelastic squeezing flow between two parallel
plates. Journal of Advanced Research in Applied Mathematics,
2(4): 31-38.
https://doi.org/10.5373 /jaram.455.060310

Makukula ZG, Sibanda P, and Motsa SS (2010b). A novel numerical
technique for two-dimensional laminar flow between two
moving porous walls. Mathematical Problems in Engineering,
2010: Article ID 528956.
https://doi.org/10.1155/2010/528956

Malik MY, Hussain A, and Nadeem S (2013). Boundary layer flow
of an Eyring-Powell model fluid due to a stretching cylinder
with variable viscosity. Scientia Iranica, 20(2): 313-321.
https://doi.org/10.1016/j.scient.2013.02.028

Salah F, Abdul Aziz Z, Ching C, and Ling D (2011a). New exact
solutions for MHD transient rotating flow of a second-grade
fluid in a porous medium. Journal of Applied Mathematics,
2011: Article ID 823034.
https://doi.org/10.1155/2011/823034

Salah F, Aziz ZA, and Ching DLC (2011b). Accelerated flows of a
magnetohydrodynamic (MHD) second grade fluid over an
oscillating plate in a porous medium and rotating frame.
International Journal of Physical Sciences, 6(36): 8027-8035.

Shateyi S and Motsa SS (2010). Variable viscosity on
magnetohydrodynamic fluid flow and heat transfer over an
unsteady stretching surface with hall effect. Boundary Value
Problems, 2010: Article ID 257568.
https://doi.org/10.1155/2010/257568

Siddiqui AM, Farooq AA, and Babcock BS (2013). Two analytical
methods applied to study thin film flow of an Eyring-Powell
fluid on a vertically moving belt. Applied Mathematical
Sciences, 7(70): 3469-3478.
https://doi.org/10.12988/ams.2013.34200

Wang Y, Hayat T, and Hutter K (2005). On non-linear
magnetohydrodynamic problems of an Oldroyd 6-constant
fluid. International Journal of Non-Linear Mechanics, 40(1):
49-58.
https://doi.org/10.1016/j.ijnonlinmec.2004.05.010


https://doi.org/10.1016/j.jppr.2015.04.001
https://doi.org/10.1016/j.mcm.2007.12.017
https://doi.org/10.1016/j.physleta.2008.02.006
https://doi.org/10.1016/j.apm.2005.11.032
https://doi.org/10.1016/j.joems.2013.02.009
https://doi.org/10.1016/j.jmaa.2004.05.011
https://doi.org/10.1016/S0045-7825(99)00018-3
https://doi.org/10.1016/j.nonrwa.2007.03.007
https://doi.org/10.1016/j.nonrwa.2009.07.016
https://doi.org/10.1016/j.ijnonlinmec.2007.09.008
https://doi.org/10.1016/S0096-3003(02)00790-7
https://doi.org/10.1108/09615530810885524
https://doi.org/10.1016/j.amc.2006.02.018
https://doi.org/10.5373/jaram.455.060310
https://doi.org/10.1155/2010/528956
https://doi.org/10.1016/j.scient.2013.02.028
https://doi.org/10.1155/2011/823034
https://doi.org/10.1155/2010/257568
https://doi.org/10.12988/ams.2013.34200
https://doi.org/10.1016/j.ijnonlinmec.2004.05.010

	A note on thin-film flow of Eyring-Powell fluid on the vertically moving beltusing successive linearization method
	1. Introduction
	2. Governing equations
	3. Formulation of lifting problem
	4. Solution of the lifting problem
	5. Drainage problem for MHD Eyring-Powell fluid
	6. Results and discussion
	7. Conclusion
	Compliance with ethical standards
	Conflict of interest
	References


