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Popular literature of Special Functions includes the generalization and
extensions of functions like gamma function, beta function, Mittag-Leffler
function, hypergeometric function and confluent hypergeometric function
etc. This sequel deals with the extension of Mittag-Leffler functions and its
properties. We aim to find the composition of fractional integration formula
known as PRs — transform with the extended Mittag-Leffler function. Some
special cases and corollaries are pointed out which follow from our main
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1. Introduction

Fractional calculus is a subject, which got
popularity during last four decades due to ability to
deal with integrals and derivatives of any arbitrary
real and complex order. It has demonstrated
applications in diverse field of applied sciences and
mathematics like diffusion, reaction-diffusion, fluid
flow, polymer physics, chemical physics etc. A
comprehensive account of fractional calculus
operators and its applications and Special functions
can be found in the monographs written by Agarwal
and Choi (2016), Choi and Agarwal (2014, 2015),
Gehlot (2013), Gupta and Parihar (2017), Kataria
and Vellaisamy (2015), Kilbas et al. (2004), Nadir
and Khan (2018a), Rahman et al. (2017a, 2017b),
Rao et al. (2010), Saigo (1978), Saigo and Maeda
(1998), Samko et al. (1993), Saxena and Parmar
(2017), Shishkina and Sitnik (2017), Singh (2013),
Srivastava and Agarwal (2013), Srivastava et al
(2012a, 2012b, 2017), Suthar et al. (2017), and
references therein.

This paper deals with operator of fractional
integration known asPg — transform and Mittag-
Leffler function is considered for numerical
computation. For the last few decades, many authors
are interested in in generalization of this function. In
this continuation, the work of Desai et al. (2016),
Kilbas et al. (2004), Mittal et al. (2016), Nadir et al.
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(2014), Nadir and Khan (2018b), Ozarslan and
Yilmaz (2014), Parmar (2015), Prabhakar (1971),
Srivastava and Tomovski (2009), and cited
references therein can be consulted.

For the present sequel, we consider the following
definitions and the related work.

Definition: The extension of Mittag-Leffler function
is defined and studied in the following way (Parmar,
2015; Nadir and Khan, 2018b):
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where B is the extension of a Beta function

D
corresponding to the function @({Kn}newoi 7) defined

by Srivastava et al. (2012b) in the following
manners:
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Here, it is noted that function defined by Parmar
(2015) is a generalization of all extensions of [ML-]
Mittag-Leffler function defined in literature,
depending upon the value of a bounded
sequencek,and upon parameters ¢&,¢,¥,p. Some
cases are listed below.

When k, = 1, (neN) the function defined in (1)
becomes function considered by Ozarslan and
Yilmaz (2014).
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In particular when k, = 0, (1) yields the Mittag-
Leffler function due to Prabhakar (1971):
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when we set the value ofk, =%,(neN0), then
n

extension will be
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Further special cases of [ML] Mittag-Leffler
function defined by Parmar (2015) by the selection
of £ = ¢ =1, the extensions defined in (3), (4) and
(5) reduces to the confluent hypergeometric function
as

El(:{ll(n}neNoiy) (Z; p) — q)z(J{Kn}neNo)(y; 1; Z) (6)
EPY(zp) = oV 1;2) 7
EY (zp) = dp(y; 1; 2). (8)

In order to establish the main results, we need
the concept of Hadamard Product.

Definition: Let g(2) =Yy xzfand h(z) =
Y o Vkz¥be two power series then the Hadamard

Product of the two series is defined as (Pohlen,
2009):

(g*M(2) = Lo,z = (h-9)(2) 9)
(IzI <R)
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Where R; and R, are the radii of convergence of
two series g(z) and h(z) respectively. Therefore, in
general, R = R * Ry,.

It is to be noted that if one of the power series is
an analytical function, then the Hadamard product
series is also an analytical function.

Definition: The Pg-transform PRg[f(t);s] of a
function f(t) where sis a complex variable defined
by (Kumer, 2013):

Rs[F(0);s] = Fio,(s) = 1+ (6 — Vs 5=if(O)de, (1)
6>1)

provided that the sufficient existence conditions
given by Lemma below be satisfied.

Lemma: Let the function f(t) be integrable over any
finite interval (a,b),(0 < a <t < b); suppose also

that there exists a real number Csuch that each of
the following assertions holds true:

. . @ —ct

(i) For any arbitrary b > 0, fb e~ f(t)dttends to a
finite limit asg = o; ¢ -

(ii) For any arbitrary a >0, fgalf(t)ldt tends to

finite limitas ¢ —» 0 +.

Then the PRg-transform PRg[f(t);s] exists
whenever
R (7”1[1;(_81_1)5]) >c (seO)

The power function of the transform is given
below.

o[t 5] = (i) 1) (12)
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It is to be noted that when transform is converted
into classical Laplace transform. The integral form of
a classical Laplace transform is given below, for
reference see Sneddon (1979).

LIF(©);s) = [, e st f()de (13)

Elzaki Transform a new integral transform is a
modification of Laplace Transform and is defined as

Definition: Consider a function of exponential order
is defined in a set as:

1el
W = {f(t):EIM,sl,sz > 0,|f ()| < Me®,ifte(—1)) x
[1, 00)} (14)

where M, s;and s,are constant. Mmust be finite and
S1, S;may or may not be finite. Elzaki Transform for a
function f(t) is defined as

E[f(©)] =T(c) = cfowe_gdt,t >0 (15)

where the variable c is used to factorize the variable
t in the argument of the function f.

2. PRs-transform of extended Mittag-Leffler
function

In this section, we consider the composition of
Ps- integral transform of pathway type with

extended Mittag-Leffler function Esg{:n}nEN‘)W)(Z; D).

Some interesting special cases are discussed and the
results are obtained in the form of two analytical
functions with the help of Hadamard product of
E({Kn}nENOFV)
$s
function. Let us start our main theorem.

(z;p) and Gauss hypergeometric
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Theorem: Let z,¢,yeCRE) > 0,R() > 0,R(y) >
1;p = 0, then the Pg-transform holds and the exhibit
the following relation.

Ps t"‘lEch wheno) (75, p; S] =

r(o) ({Kn}nENO;V) zZ . 1[0 z
R@9I7 €5 ([w;s)l’p) *Fo [—; [x(s;sn] (16)
(2] < 1;min{R(s), R(o)} > 0;6 > 1)

where

n[1+(6-1)s
6-1

[R(5;9)]: = (17)

where Flis a well known Gauss hypergeometric
function (Rainville, 1971).

Proof: For the sake of convenience, let us denote the
left hand side by (), we have
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Due to uniform convergence, order of integration
and summation can be changed and then replacing
the variable f by o + k in (12), we get
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Thus, the last expression can easily be obtained
by means of Hadamard Product as in (9).

r
0o (o)
( [X(5; S))]"
{Kn}nengs¥ z . 1[95 z
Eg, ([w;s)]'p) * Fo [—; [N(a;s)]] (23)

this completes the proof.

Different extensions of Mittag-Leffler function
defined in literature are the special cases of our main
result. Further, these extensions depend upon the
values of the parameters &, ¢,yeC and the bounded
sequencek,. Here, we discuss some examples, which
are connected to our main result.

If we select the sequence k,, = 1, (neN,) then the
proposed function reduces to the definition of
Ozarslan and Yilmaz (2014).

Corollary 1: Let z, ¢, yeCbe such that

R(E) >0,R()>0,R(y)>0;p=0

then we have the following relation

I'(o)
[N(6 s)]e

4 .

Ef,c ([R(5;s)] ' p) * F [ ; [8(6 I

Rs [t” lEgg(Zt D); s]

(24)

If we set the value of the parameters, { = ¢ =
1the extension of the proposed function takes the
form of extended confluent hypergeometric function
then the main theorem reduces to the following
corollary.

Corollary 2: Let z,¢,yeC then the following relation
holds true.

o—1 ({Kn}neNo) 1. . ] = ﬂ
Ps [t b ¥L2is| = RGP
({Kn}neNo) z « F1 o z
oM (V' 1’[&(65)) Fo —:[x(s;s)]]' (25)

Remark: settingk, = (p )" ,(neN,), then results of

our main theorem reduces for the result of the
function.

k

@Y.\ _ v BPOy+ki-yip)  z
Eg¢ (zp) = Xk=o B(yi-y)  TI'(§k+c)

Further, for setting p = Othen function will become
Prabhakar’s definition and we get the results as in
Kumar (2013). Setting ¢ = ¢ = 1land the bounded
sequences K, = lthen the expression yields the
result for extended confluent hypergeometric
function defined by Chaudhry et al. (2004). Further,
for setting p = 0 and & = ¢ = 1then the result is for
the classical confluent hypergeometric function.

3. Further special cases and concluding remarks

It is to be noted that Pg-transform reduces to

classical Laplace transform by converting the

: 1 - .
variable %ﬁs then we get integral

involving Laplace transform stated in corollaries.

Corollary 3: Let 7,6, 7€CGRE) > 0,R(c) >
0,R(y) > 1;p = 0 then Laplace Transform formula
holds true and establish the following result.

L ta_lEf(l{:n}HENo;Y) (Zt; p) S]

- teg{en) (5). 5[ =

R(p) > 0,R(s) > 0,R() >0, iR(g) >0
Proof:

L [ta_lEf({:n}neNo;y)(Zt: p):s] N f e
’ 0

((Kn} eN )
B, neNo

k=0 (27)

(Y+k1-y;p) (zt)k ¢
B(y,1-y) r(¢k+¢)
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a B(y,1-y) Ik +¢)
et (28)
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{knln,
g BIE EN")(y+k.1—y:p) @* ro+k) (29)
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Thus, it is to be noted that we get the same result

through PRs —transform by changing the variable

1 -1)s],
I+@-Dsk o s.
5-1

Corollary 4: Laplace Transform formula holds true

L [t”‘lEg'C(zt; p); s]
="2E (Gn) R [0 (30)

R(p) > 0,R(s) > 0,R(E) > 0,R(c) > 0.

Corollary 5: Laplace Transform formula holds true

L [t"_lEf('(f'g);y) (zt; p); s]

100 21). 15[ o1

R(p) > 0,R(s) > 0,R(E) >0,R(c) >0

Remark: In particular, the Ps —transform as in (11)
reduces immediately to the Elzaki Transform by the
following change of variables.

5-1
In[1+(3-Ds] (32)

Hence, it is easy to see that two integrals have the
following relationship.

Rs = [R(8;s)]E(f (1)) (33)
4., Conclusion

It is noted that the extended Mittag-Leffler
function defined by Parmar (2015) is more general
in nature and various generalized types of Mittag-
Leffler function and confluent hypergeometric
functions defined in literature can easily be derived
through the extended form. Similarly, the
Ps —transform defined by Kumar (2013) (fractional
integral operator) enable us to convert the table of
Laplace transform and the Elzaki transform into the
corresponding transform and vice versa.
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