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ARTICLE INFO ABSTRACT

Partial differential equations are well known with their use in different areas
of applied mathematics and engineering. Numerical solutions to these
equations are widely accepted but the development of robust, simple and
efficient numerical scheme for the solution of partial differential equations is
a challenging research issue. In this Paper a local radial basis function based
differential quadrature collocation method is presented. It finds the
numerical solution of Generalized Burger’s Huxley equation and its various
special cases such as Burger’s Huxley equation, Generalized Burger’s
equation and Huxley equation. The proposed method is implemented
through different examples using Gaussian radial basis functions (RBF) with
central three point scheme and central five point scheme in the local support
region. Accuracy of the method is investigated by computing Lz and Lerror
norms and absolute errors. The results of the proposed technique in terms of
error norms comparative to the existing techniques of adomian
decomposition and global mesh free method are presented as well.
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difference method (FDM) (Ozisik, 1994), boundary
element method (§arler and Kuhn, 1998a; 1998b),

1. Introduction

Partial differential equations (PDEs) (linear and
nonlinear) have lots of applications in the area of
elasticity, fluid dynamics, electrostatics,
electrodynamics, propagation of heat and sound,
mechanics, computational physics and applied
mathematics. These provide the source of
mathematical models for chemical, physical and
biological phenomena and are also used in the areas
of economics, financial forecasting, image processing
etc. As PDEs are used in almost all fields of
engineering and science, so it is essential to find
their accurate solutions. Thus utilization of
numerical techniques is an important source to solve
them. But it is a big issue to develop accurate
numerical approximation techniques and thus
development of robust as well as simple and efficient
numerical schemes is a key interest in the research
field.

A lot of different techniques are available for the
numerical solutions of PDEs including finite
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finite element method (FEM) (Zienkiewicz and
Taylor, 2000) and finite volume method (FVM)
(Hong, 2004) etc. FDM can solve strong type PDEs
and its source is polynomial approximation or Taylor
series expansion. FV method employs the physical
conservation laws on the class of discretization
schemes called the method of weighted residuals.
Mesh generation is the first step in FE method. In
this method mesh is constructed containing triangles
or other polygons, called “elements”. Mesh nodes,
edges, and local information related to every
element are stored in different arrays. The accuracy
of the solution increases with more elements and
number of elements increases by refined meshing.
Several mesh less techniques have been introduced
up to now including the diffuse element method
(Nayroles et al., 1992) reproducing kernel particle
method (Liu et al, 1995), smoothed particle
hydrodynamics method (Lucy, 1977), the partition of
unity method (Babuska and Melenk, 1997), the
element-free Galerkin method (Belytschko et al,
1994), the hp-clouds method (Duarte and Oden,
1995), the finite point method (Onate et al.,, 1996),
the method of finite spheres (De and Bathe, 2000)
and radial basis functions method (Rippa, 1984) etc.
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In the past few decades, a new method for
numerical solution of PDEs has got importance in the
world of science which is known as the method of
radial basis functions. Originally RBFs were
introduced for multivariate data and function
interpolation, mainly for higher dimension problems.
As RBFs are truly mesh free in nature these are used
in almost every field of science successfully including
geology,  mathematics, geophysics, geodesy,
engineering, mapping, meteorology,
photogrammetry, spacecraft designing, air pollution
modeling, medical imaging and many more other
fields.

LRBF was first initiated by Liu and Gu (2001). To
investigate free vibration of 2D solids Liu and Gu
(2001) used local radial point interpolation method
(LRPIM). Wu and Liu (2003) employed LRPIM to the
incompressible flow simulation. Further Shu et al.
(2003) recommended the local RBF-based
differential quadrature (LRBFDQ) collocation
method for the solution of two-dimensional
incompressible Navier-Stokes equations.

The DQ method is a numerical discretization
technique to approximate derivatives. In early
1970’s, Bellman and Casti (1971) introduced this
technique, started from the concept of conventional
integral quadrature. Early schemes of DQ in
engineering utilized Bellman's approaches for
determining the weighting coefficients. But there
were some drawbacks using Bellman’s approaches.
To overcome these drawbacks some efforts have
been done. In this regard a great work is done by Shu
and Richard (1992). Further Shu and Chew (1997),
Shu (2000), and Shu and Xue (1997) proposed easy
algebraic formulations to determine weighting
coefficients of first and second order derivatives
when the function is approximated by a Fourier
series expansion.

It is noted that all the work done in the past
regarding the use of RBFs to solve PDEs numerically
relays on function approximation rather than
derivative approximation. This process is extremely
complex, particularly dealing nonlinear problems. To
overcome this problem, Wu and Shu (2002)
developed RBF-based differential quadrature (RBF-
DQ) method.

Whilst in the global RBF-DQ collocation method
the function is approximated by using all the
collocating points in the computational domain and
it produces ill-conditioned matrix by the use of large
number of nodes. Hence to overcome this drawback
local RBF-DQ collocation method (Shu et al., 2003) is
used. It can be employed to any complex problem.

The Generalized Burger’s-Huxley equation was
studied first by Satsuma et al. (1987) in 1987 and is
given by (Eq. 1)

U + audu, + Uy, = ﬁu(l - u‘s)(u‘s - y),
X€E Q =[ab],t=>0 (1

with initial condition (Eq. 2)

u®(x) = u(x,0) = [g + }Z—Itanh(a)lx)]% )
and boundary conditions (Eq. 3)

u(xt) = [g + ;—ltanh(wl (x— wzt)]%,
x€dQ={ab}t>0 3)

the exact solution of Eq. 1 is given by (Eq. 4)

u(xt) = [g + ;—ltanh(m1 (x — wyt)]s,

x€Q=[ab,t=0 (4)
where
—a8+8,/a?+4B(1+8)
w, = TV'
and

_ay  (+8-y)(—at+ya*+4f(1+8))

T 146 2(1+6)

Wy

Here «,f,6 and y are parameters such that
a,f,6 20andy € (0,1) on exact solution the
function of parameters was studied by Efimova and
Kudryashov (2004). Eq. 1 takes the form of Huxley
equation when a = 0 and 6 = 1, which is used in
nerve pulse propagation during nerve fibers and
wall motion in liquid crystals. For f§ = 0, Eq. 1
becomes Burger’s equation. The Burger’s equation
has an important role in shock wave formulation,
sound waves in viscous medium, boundary layer
properties and traffic flow. Hon and Mao (1998)
have given its detail study (Hon and Mao, 1998).

Several techniques have been introduced in the
literature for the numerical solution of the
Generalized Burger’s-Huxley equation. These
include optimal homotopy asymptotic method by Ali
et al. (2012), Adomian decomposition technique by
Ismail et al. (2004), Haar wavelet method by Celik
(2012), computational meshless method by Khattak
(2009). Many other techniques can be found in
references (Mittal and Tripathi, 2015; Jiwari el al,,
2013; El-Kady et al, 2013; Macias-Diaz and
Szafranska, 2014; Ervin et al,, 2015).

The global radial basis function collocation
method approximates the space derivative which
requires reasonably large set of collocation points in
the neighborhood of any collocation node resulting
in need of high computational cost. In this work the
local radial basis function collocation method is that
it approximates the space derivatives via RBF
interpolation using a small set of collocation points
in the neighborhood of any collocation node and
therefore it saves much computational work than the
globally supported RBF collocation method.

2. Proposed technique

In this section we will construct the LRBFDQ
method for the generalized Burger's-Huxley
equation. Moreover some examples regarding the
numerical results of the generalized Burger's-Huxley
equation and its different cases like Burger's-Huxley
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equation, Burger's equation, Huxley equation etc.
will also be given. Also we will test the proposed
(LRBFDQ) method by calculating error norms and
comparing results with some other existing methods
like ADM (Ismail et al., 2004) and global mesh free
method (Khattak, 2009).

2.1. Construction of local RBF-based differential
quadrature method

We consider the generalized Burger's-Huxley
Egs. 1-3. We choose N distinct nodesx;, x5, ...., xy. In
local RBF-based differential quadrature
interpolation, the derivative of u(x) is approximated
by the differential quadrature method. ie. the
derivative of u(x) at the center x; is approximated by
the linear weighted sum of all the functional values
in the supporting region of

Xi, X; {xil' Xi2s X35 vy Xip,
contained in (Eq. 5)

{x1,%1,..., %1}, n; KN,

u™ () = X0 A u(x),  i=12,.,N (5)

The weighting coefficients /1](’") are computed by

RBF ¢(]lx — x|]) approximation of the function
u(xij) into Eq. 4 as under (Eq. 6):

¢ lx; — xel) = 27, AT (||, — xi|), ke =
ilr in"'rin (6)
Eg. 5 can be written in matrix from as (Eq. 7):
[ (m) (x:)
(m) (XL)

(m) (xl)

[ ¢i1(xi1) ¢i2(xi1) ¢Lnl(x11 A(m)
¢i2(xi2) ¢iz(xi2) ¢ini(xlz) /'l(m)

_ _ (7)
1, (%) S0 (xin,) b, (i) 5:1 : J
where, ¢ (x;) = ¢(||xj - xk||), therefore
by = A AV (8)
where,
(m) ¢>(m)(x ) ¢i(zm)(xi)' ---»¢§Z)(xi)] T
[ ¢>Ll(xi1) d)lz(xil) ¢ini(xi1)]
An‘ | ¢lz(x12) ¢lz (xlz) ¢ini (xiz)
i | H
|

: : |
() #u() o 0,5

and A5 = (A7, 20, .., A0 T

thus the corresponding coefficients can be obtained as:

Agin) =Ani—1 (m) 9)

ni

by substituting Eq. 8 into Eq. 5, we have

um (x) = A, (10)

[u(xil)l u(xiz), ey

now applying LRBFDQ method to Egs. 1-3 we get,

Where, U, = u(xini)]T. z

% + auf(/l,(lli))Tu (/1(2)) ,, = Puy(1—uf)(uf -
y),i=23.,N-1 (11)
u(a,t) = 1), u(b,t) = f,(t) (12)

Egs. 10-11 can be expressed in matrix form as:

& = —aU® + (A00) + (AD) + B+ U —yU -

U25+1) (13)

The symbol * shows component by component
multiplication of two vectors and

U = [ug, up, .., uy]”, U = [l ud, ..., uf_,ud],

20 = [Agcl)]NXN' 1@ = [AECZ)]NXNJ k=i,ip .0, i=
1,2,3,...,N—1

Eq. 12 can be written as:

av _

= MW) (14)

where,

MU) = —aU% + (AVV) + (ADU) + B((1 +y)U* -
)/U _ U25+1)

the related initial condition is

U°(x) = [u®(x), u®(az), ., u®(p)]" (15)

From the boundary conditions Eq. 3, we have

u(a,t) = f1(O),u(b,t) = f>(t) (16)

to solve Egs. 14-16 we use the following Classical
fourth order Runge-Kutta scheme (RK4):

Ky = MU™), K, =M (U" +5°K,),

Ky =M(Um+5K,),

K, = M(U™ + dtKs),

gt = o 4 OCKs + 2K; + 2K; + K4)
6

In the next section we present numerical results
obtained by the proposed method given in Eq. 14-16.

2.2. Numerical tests and discussion
In this section we provide numerical results

through various examples of the generalized
Burger's-Huxley equation to validate the method
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using Egs. 14-16. Accuracy of the method is

examined via absolute error (AE), L, and error
norms defined as follows:

AE = |(uexact)j - (uapp)j

2
L, = \/h Ey:ll(uexact)j - (uapp)j| s

Lo = m]?lx|(uexact)j - (uapp)jl

’

where, Ugyqer and ugp, represent exact and
approximate solutions respectively.

For computation purpose Gaussian RBF is chosen
in LRBFDQ method using three and five point central
scheme for the local support domain. Also the
number of nodes selected in the local support region
are ni=3 and ni=5. All the computations are
performed with nodal distance h= 0.1. For the
comparison purpose with ADM (Ismail et al., 2004)
and GRBF (Khattak, 2009), spatial domain Q=[0,1]

will be used.

Example 1: In generalized Burger’s-Huxely Eq. 1-4,
consider parameter values as (=0 and 6=1, it
becomes Burger’s equation. Take a=1, Eq. 1 reduces
to the following form:

U+ Uy — Uy =0, xEN =[a,b],t =0

with initial condition
Yy v
u(x,0) = 3 + Etanh(wlx) , x €[0,1]

and boundary conditions

u(0,t) = % + gtanh(—wlwzt)

u(l,t) = g + gtanh(wl(l — wyt)), t=>0

Computations are performed by applying
LRBFDQ and using shape parameter ¢=1.041%10-15
for ni=5 and ¢=1.3881%1015 for n;=3 and y=0.001
with time step dt=0.001 and h=0.1 for interval [0, 1].
The error norms of LRBFDQ method using ni=5 and
ni=3 are reported in Table 1. Moreover for
comparison purpose the absolute errors of LRBFDQ
method, ADM (Ismail et al, 2004) and GRBF
(Khattak, 2009) at specific nodes are also mentioned
in Table 2 up to time t=50.

Example 2: Now consider Burger’s equation with
6=2, 3. All the computations are performed by
applying LRBFDQ with @=1 and using values ¢=1.041
X101 for ni=5 and ¢=1.388%1015 for n=3 up to
time ¢=5.

The error norms of LRBFDQ method are reported
in Table 3 for =2 using time step dt=0.01. For 6=3
the error norms are reported in Table 5 and Table 7
with time steps dt=0.0001 and dt=0.01 respectively.
Moreover for comparison purpose the absolute
errors of LRBFDQ method, ADM (Ismail et al., 2004)
and GRBF (Khattak, 2009) are also mentioned in
Table 4 for 6=2 with dt=0.01 and in Table 6 and
Table 8 for §=3 with dt=0.0001, 0.01 respectively.

Example 3: Consider the value of parameters as
a=0.001, p=0.001, 6=1 and y=0.001 in the
generalized Burger’s-Huxely Eqs. 1-4 with time step
dt=0.001.

Computations are performed by applying
LRBFDQ by using shape parameter ¢=1.317%10-15
for n;=5 and ¢=1.388>10-15 for n;=3. The error norms
of LRBFDQ method are reported in Table O.
Furthermore the absolute errors of LRBFDQ method
at specific nodes are also mentioned in Table 10 up
to time ¢=50.

Table 1: Error norms for a=1, =0, §=1, dt=0.001, y=0.001

t Ly (ni=3) Ly (ni=5) Lz (ni=3) Lz (ni=5)
0.5 2.6053%X107 1.9542 X 107 1.648 X107 1.5131 X107
1 5.211%X107 3.9099 X 107 2.3296 X107 3.0263 X107
2 1.0429 X 106 7.826 X107 4.6592 X107 6.0525 %107
5 2.611%X 106 1.9611X 106 1.648X 106 1.5131X 10
50 2.6728%X 10 2.0324 X105 1.656 X 105 1.5147 X105

Table 2: Numerical and exact values and absolute errors for a=1, =0, §=1, dt=0.001, y=0.001.

GRBF .
c . o B LREDOA LRBOGAT (G AOM (o
i= i= i= i= 2009) o
0.1 0.000500260 0.000500195 0.000500000 2.6 X107 1.95%X107 1.0 X106 6.34%X10°
0.5 0.5 0.000500000 0.000500000 0.000500000 0.0 6.11%X 1011 5.0 X106 5.66 X108
0.9 0.000499740 0.000499805 0.000500000 2.6 X107 1.95%X107 3.0X 106 4.13%X108
0.1 0.000500521 0.000500391 0.000500000 5.21%X107 3.9X107 1.0X10% 2.0%10%
1 0.5 0.000500000 0.000500000 0.000500000 0.0 2.44%10-10 3.0%X106 1.84% 106
0.9 0.000499479 0.000499610 0.000500000 521X107 3.9X107 3.0X106 137X 106
0.1 0.000501043 0.000500783 0.000500000 1.0X 106 7.8X107 1.0 X 10 6.4%10°
2 0.5 0.000500000 0.000499999 0.000500000 0.0 9.77X10-10 3.0%X106 6.1%X10-5
0.9 0.000498959 0.000499220 0.000500000 1.0 X106 78%X107 3.0 X106 4.7X105
0.1 0.000502611 0.000501961 0.000500000 2.6 X106 1.96 X 106 4.0% 10
5 0.5 0.000500000 0.000499994 0.000500000 0.0 6.11%X10-11 9.0X10-6
0.9 0.000497403 0.000498054 0.000500000 2.6 X106 1.95X 106 3.0X10-6
0.1 0.000526728 0.000520324 0.000500000 2.67% 10 2.03%10 6.0 X 10
50 0.5 0.000500000 0.000499390 0.000500000 1.12X10-14 6.1%X107 2.0X10-5
0.9 0.000474628 0.000481204 0.000500000 25X 105 1.88 X105 8.0 X106

4
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Table 3: Error norms for a=1, =0, 6=2, dt=0.01, y=0.001

¢ Lo, (mi=3) L., (n=5) Lz (m=3) Lz (ni=5)
0.5 1.1654 X 10 8.7412 X 106 5.2102 X 106 6.7674 X 106
1 2.332 X 10 1.7493 X 105 1.0419 X 10 13534 X 105
2 4.6689 X 105 3.5026 X 10 2.0837 X 10 2.7068 X 105
5 1.1709 X 104 8.7875 X 105 5.2094 X 105 6.7671 X 105

Table 4: Numerical and exact values and absolute errors for a=1, =0, §=2, dt=0.01, y=0.001T

X LRBFDQ (ni=3) LRBFDQ (ni=5) Exact LRBFDQ-AE (ni=3) LRBFDQ-AE (ni=5) GRBF (Khattak,2009)
0.1 0.022372334 0.022369421 0.022360680 1.17%X 10 8.74X 106 1X106
05 05 0.022360680 0.022360677 0.022360680 0.0 2.74%X 109 2X 106
0.9 0.022349038 0.022351949 0.022360680 116X 105 873X 106 0.0
0.1 0.022384000 0.022378172 0.022360680 2.33%X105 175X 10" 0.0
1 0.5 0.022360680 0.022360669 0.022360680 0.0 1.09%X10-8 1%X10-6
0.9 0.022337408 0.022343228 0.022360680 2.33%X105 175X 105 2X 106
0.1 0.022407369 0.022395706 0.022360680 4.67 X105 3.5%X10°5 2% 106
2 0.5 0.022360680 0.022360636 0.022360680 0.0 437X 108 5X10-6
0.9 0.022314184 0.022325817 0.022360680 4.65%X 105 349X 105 1% 10
0.1 0.022477770 0.022448555 0.022360680 1.17 X 10 879X 10 4X10°¢
5 0.5 0.022360680 0.022360407 0.022360680 0.0 237X10-7 11X10-5
0.9 0.022244803 0.022273828 0.022360680 116X 10 8.69X 10 3% 106
Table 5: Error norms for a=1, =0, §=3, dt=0.0001, y=0.001.
t L, (ni=3) L, (ni=5) Lz (ni=3) Lz (ni=5)
0.0005 4.1345% 108 3.1009 X 10-8 1.8856 X 108 2.4179X 108
0.001 8.26 X108 6.2018 X 108 3.71 X108 4.8119X 108
Table 6: Numerical and exact values and absolute errors for a=1, =0, =3, dt=0.0001, y=0.001
GRBF )
LRBFDQ LRBFDQ LRBFDQ-AE LRBFDQ-AE ADM (Ismail
t X (ni=3) (ni=5) Exact (ni=3) (ni=5) (’%ag;k’ etal, 2004)
0.1  0.079370094  0.079370084  0.079370053 41X 108 3.10%10° 6% 10 45X 10
0.0005 0.5  0.079370053  0.079370053  0.079370053 0.0 1.01 X 1014 5X10-6 19X 103
0.9  0.079370011  0.079370022  0.079370053 41%108 310X 104 4X 10 92X 103
01 0079370135  0.079370115  0.079370053 8.27% 108 6.2%10 1.9%10 4.4%X 10+
0.001 0.5  0.079370053  0.079370053  0.079370053 0.0 3.95%X 1014 1.6X10- 1.9%10-3
0.9  0.079369970  0.079369991  0.079370053 8.27 X108 62X 104 15X 105 91X 10+
Table 7: Error norms for a=1, =0, 6=3, dt=0.01, y=0.001
T Ly, (ni=3) Ly, (ni=5) L2 (ni=3) L2 (ni=5)
0.5 4.1377 X 10 3.1033 X105 1.8494 X 105 2.4021%X 105
1 8.28 X105 6.211%X 10 3.69 X105 4.804 %10
2 1.659 X 104 1.2422 X104 739X 105 9.6079 X 10
5 41671 X 104 3.1253 X 105 1.8492 X 104 2.4021%X 105
Table 8: Numerical and exact values and absolute errors for a=1, =0, §=3, dt=0.01, y=0.001
GRBF
roox e LRBIDQ pac  RBEAELRBOAE o
i= i= i= i= 2009)
0.1 0.079411430 0.079401086 0.079370053 41%X10 3.1X10% 3X106
05 05 0.079370053 0.079370043 0.079370053 0.0 9.37X109 7%X10-6
0.9 0.079328740 0.079339068 0.079370053 41%X105 31X 105 1X10%
0.1 0.079452872 0.079432167 0.079370053 8.28 X105 6.2%10° 2% 10
1 0.5 0.079370053 0.079370014 0.079370053 0.0 3.88%X108 8% 106
0.9 0.079287491 0.079308132 0.079370053 8.26% 10 619X 10 1X10%
0.1 0.079535952 0.079494477 0.079370053 1.66 X 10+ 124X 10+ 3% 10
2 0.5 0.079370053 0.079369897 0.079370053 0.0 155X 107 8X10-6
0.9 0.079205187 0.079246403 0.079370053 1.65X 104 124X 104 1% 10
0.1 0.079786762 0.079682586 0.079370053 417X 104 3.13%X 10+ 4% 106
5 0.5 0.079370053 0.079369083 0.079370053 0.0 9.7%X 107 13X105
0.9 0.078959805 0.079062365 0.079370053 41% 104 308X 104 3% 106

Example 4: In generalized Burger’s-Huxely Eq. 1-4,
we take the parameters values a=f=6=1, so the
equation reduces to the following form, which is

known as Burger's-Huxley equation:
U +uuy —uu, —u(l—w)(uw—y), xeQ=[01],t=0

with initial condition of u(x, 0) = g + gtanh(wlx) ,
x € [0,1], and boundary conditions of u(0,t) = §+
gtanh(—wlwzt) and u(1,t) = §+ gtanh(wl(l —
wzt)), t>0
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Computations are performed by applying for ni=5 and ¢=1.388x10-15for ni=3 and y=0.001.
LRBFDQ by using shape parameter c¢=1.0409x10-15

Table 9: Error norms for @=0.001, 5=0.001, 6=1, dt=0.001, y=0.001

t L, (ni=3) L, (ni=5) Lz (ni=3) Lz (ni=5)

0.005 5.0757 X 10-12 49425 X 1012 2.6305 X 10-12 3.0367 X 10-12
0.05 5.0757 X 10-11 4.9425X 1011 2.6179 X 1011 3.0267 X 1011
0.01 1.0151 X 10-11 9.885 X 10-12 5.2418 X 10-12 6.0583 X 10-12
0.1 1.0151 X 10-10 9.885 X 1011 5.2355 X 10-11 6.0533 X 10-11
1.0151 X 10~ 9.885 X 10-10 5.2355 X 10-10 6.053 X 10-10

5.0757 X 10 4.9425 X109 2.6177 X109 3.0266 X 109

50 5.0756 X 108 4.9424 X108 2.6177 X108 3.0266 X 108

Table 10: Numerical and exact values and absolute errors =0.001, 5=0.001, 6=1, dt=0.001, y=0.001

LRBFDQ LRBFDQ LRBFDQ-AE LRBFDQ-AE
t X (n=3) (n=5) Exact (n=3) (n=5)
0.1 0.000500001 0.000500001 0.000500001 1.33X 1013 251X 1016
0.005 0.5 0.000500003 0.000500003 0.000500003 2.47X 1012 2.47%X 1012
0.9 0.000500005 0.000500005 0.000500005 5.08 X 10-12 494X 10-12
0.1 0.000500001 0.000500001 0.000500001 1.33%X 1012 251X 1015
0.05 0.5 0.000500003 0.000500003 0.000500003 2.47X 1011 2.47 X 1011
0.9 0.000500005 0.000500005 0.000500005 5.08 X 10-11 494X 1011
0.1 0.000500001 0.000500001 0.000500001 267X 1013 5.03%X 1016
0.01 0.5 0.000500003 0.000500003 0.000500003 494X 1012 494X 1012
0.9 0.000500005 0.000500005 0.000500005 1.02 X 1011 9.89X 1012
0.1 0.000500001 0.000500001 0.000500001 267X 1012 5.03X 1015
0.1 0.5 0.000500003 0.000500003 0.000500003 494X 1011 494X 1011
0.9 0.000500005 0.000500005 0.000500005 1.02 X 1010 9.89X 1011
0.1 0.000500001 0.000500001 0.000500001 2,67 X 1011 5.04 X 1014
1 0.5 0.000500003 0.000500003 0.000500003 4.94% 1010 494X 1010
0.9 0.000500004 0.000500004 0.000500005 1.02 X 109 9.89X 1010
0.1 0.000500002 0.000500002 0.000500002 1.33X10-10 257X 1013
5 0.5 0.000500002 0.000500002 0.000500004 2.47%X109 2.47 %109
0.9 0.000500001 0.000500001 0.000500006 5.08 X 10 494X 109
0.1 0.000500014 0.000500013 0.000500013 1.33%10% 312X 1012
50 0.5 0.000499990 0.000499990 0.000500015 2.47%X 108 2.47%X 108
0.9 0.000499966 0.000499968 0.000500017 508X 104 494X 108
The error norms of LRBFDQ method are reported Example 5: In this example consider the values
in Table 11. Moreover for comparison purpose the a=0.001, f=0.001, y=0.001 in Egs. 1-4. Computations
absolute errors of LRBFDQ method, ADM (Ismail et are performed by applying LRBFDQ.

al,, 2004) and GRBF (Khattak, 2009) at specific nodes
are also mentioned in Table 12 up to time ¢=5.

Table 11: Error norms for a=f=§=1, dt=0.01, y=0.001

t Ly (ni=3) Ly (ni=5) Lz (ni=3) Lz (ni=5)
0.05 4.4793%X108 3.8277X 10 2.1411% 10 2.3438% 108
0.1 8.9584 X 108 7.6551 X108 4.2586 X108 4.6737 X108
8.954 X107 7.6523 X107 4.2503 X107 4.6677 X107
4.4671 X106 3.8198 X106 2.1238%X10-6 2.3307 X106

Table 12: Numerical and exact values and absolute errors for a== 6=1, y=0.001 dt=0.01

. R LRBFDQ LRBFDQ Exact LRBFDQ-AE LRBFDQ-AE GRBF (Khattak, ~ ADM (Ismail
(n=3) (ni=5) (ni=3) (n=5) 2009) etal, 2004)
0.1  0.000500026  0.000500020  0.000500019 7.31%10 7.97 %1010 1.0%10° 1.93%107
0.05 0.5  0.000500050  0.000500050  0.000500069 1.87%X10-8 187X 108 1.0X109 1.93%X 107
0.9  0.000500074  0.000500080  0.000500119 448X 104 3.83 X 108 1.0%X 109 1.93X 107
0.1  0.000500040  0.000500027  0.000500025 1.46 X 10 1.59 %10 1.0%10° 3.87 %107
0.1 0.5  0.000500038  0.000500038  0.000500075 3.75%X 108 3.75%X10-8 1.0X109 3.87%X107
0.9  0.000500035  0.000500048  0.000500125 8.96 X 108 7 66X 108 1.0%X 109 387X 107
0.1  0.000500284  0.000500153  0.000500137 1.46 X107 1.60 X 10 0.0% 10 3.88% 10
1 0.5  0.000499813  0.000499812  0.000500187 3.75X 107 3.75 X107 0.0%X10° 3.88%X10-6
0.9  0.000499342  0.000499472  0.000500237 895X 107 7 65X 107 0.0X 109 388X 106

0.1  0.000501369  0.000500719  0.00+0500637 7.32%107 8.24%10°% 1.0X10° i

5 0.5  0.000498813  0.000498807  0.000500687 1.87%X10-6 1.88%X10-6 1.0X109 i

0.9  0.000496270  0.000496922  0.000500737 447X 10 3.82 X 106 1.0%X 109
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The error norms of LRBFDQ method are reported used for all these Tables are c= 1.388 % 10-15 for ni=3
in Table 13 and Table 15 for 6=2, 3 with dt=0.0001 and ¢=1.32 %1015 for n;i=5.
and dt=0.001 respectively. Furthermore the absolute
errors of LRBFDQ method are also listed in Table 14
and Table 16 for §=2 with dt=0.0001 and 6=3 with
dt=0.001 respectively up to time ¢t=50. The value of ¢

Example 6: In this example take the values a=1, =1,
y=0.001 in Egs. 1-4. Computations are performed by
applying LRBFDQ.

Table 13: Error norms for a=0.001, $=0.001, §=2, dt=0.0001, y=0.001

t Ly (ni=3) L, (ni=5) Lz (ni=3) L2 (ni=5)
0.0005 22723 X 1011 22152 X 1011 1.1784 X 1011 1.361 X 1011
0.001 45446 X 1011 4.4301X 1012 2.3482X 1011 2.7153 X 1011
0.5 22723 X108 2.2152%X 108 1.1727 X108 1.3565 X 108
1 4.5446 %X 108 4.4304%X 108 2.3453%X 108 2.713%X 108
5 2.2723 X107 2.2152 X107 1.1727 X 107 1.3536 X 107

Table 14: Numerical and exact values and absolute errors for a=0.001, $=0.001, =2, d¢t=0.0001, y=0.001

LRBFDQ LRBFDQ LRBFDQ-AE LRBFDQ-AE
‘ x (n=3) (n=5) Exact (n=3) (n=5)

0.1 0.022360700 0.022360700 0.022360700 5.7X 1013 29X 1015

0.0005 0.5 0.022360781 0.022360781 0.022360781 11X 1011 11X 1011
0.9 0.022360862 0.022360862 0.022360862 23X 1011 29X 101

0.1 0.022360700 0.022360700 0.022360700 11X 1012 58X 1015

0.001 0.5 0.022360781 0.022360781 0.022360781 22X 1011 22X 1011
0.9 0.022360862 0.022360862 0.022360862 45X 1011 443X 10-11

0.1 0.022360706 0.022360705 0.022360705 5.7 X 10-10 29%1012

0.5 0.5 0.022360775 0.022360775 0.022360786 1.1%X108 1.1%X108
0.9 0.022360845 0.022360845 0.022360867 227X 10 29X 108
0.1 0.022360712 0.022360711 0.022360711 11X10° 5.83 %1015

1 0.5 0.022360770 0.022360770 0.022360792 22X108 2.2%X108
0.9 0.022360827 0.022360828 0.022360873 45X 10 443X 108
0.1 0.022360761 0.022360755 0.022360755 5.72X 10 296X 1011

5 0.5 0.022360725 0.022360725 0.022360836 11X107 1.1X107
0.9 0.022360689 0.022360695 0.022360917 227X 107 29X 107

Table 15: Error norms are computed at =0.001, $=0.001, §=3, dt=0.001, y=0.001

t Ly (ni=3) L, (ni=5) Lz (ni=3) Lz (ni=5)
0.005 8.0705 X 10-10 7.8679 X 10-10 4.1868 X 1010 4.8346 X 1010
0.01 1.6141 X 109 1.5736 X 10-9 8.3434 X 10-10 9.6451 X 10-10
0.5 8.0705 X 108 7.8679 X 108 4.1666 X 108 4.8185% 108
1 1.6141 X 107 1.5736 X 107 8.333 X108 9.6371X 108

Table 16: Numerical and exact values and absolute errors for =0.001, $=0.001, 6=3, d¢t=0.001, y=0.001

. LRBFDQ LRBFDQ Exact LRBFDQ-AE LRBFDQ-AE
(ni=3) (mi=5) Xac (ni=3) (ni=5)
0.1  0.079370115 0.079370115 0.079370115 1.99% 1011 3.9% 1013
0.005 05  0.079370364 0.079370364 0.079370364 3.94X 1010 3.9X 1010
0.9  0.079370612 0.079370612 0.079370613 8.07 X 1010 787X 1010
0.1 0.079370115 0.079370115 0.079370115 3.97X 1011 7.81% 1013
0.01 05  0.079370363 0.079370363 0.079370364 7.87 X 1010 7.87 X 10-10
0.9  0.079370612 0.079370612 0.079370613 161X 109 1.57%X 107
0.1 0.079370136 0.079370134 0.079370134 1.99 %10 3.9%X 101
0.5 0.5  0.079370344 0.079370344 0.079370383 3.94% 108 3.94 X108
0.9  0.079370632 0.079370554 0.079370632 8.07X 108 787X 108
0.1 0.079370158 0.079370154 0.079370154 397X 109 7.79X 1011
1 0.5  0.079370324 0.079370324 0.079370403 7.86 X108 7.87%X 108
0.9  0.079370491 0.079370495 0.079370652 161X 107 1.57%X 107
0.1 0.079370330 0.079370310 0.079370310 1.99 X 10 3.87X 1010
5 0.5  0.079370166 0.079370166 0.079370559 3.94%X 107 3.94 X107
09  0.079370001 0.079370021 0.079370808 8.07%X107 787X 107
0.1 0.079372266 0.079372064 0.079372067 1.99 X107 3.61% 10
50 0.5  0.079368381 0.079368380 0.079372316 3.94X 106 3.94 X106
09  0.079364495 0.079364698 0.079372565 8.07 X 106 787X 10-
The error norms of LRBFDQ method are reported dt=0.01 and 6=2, 3 respectively. Moreover the
in Table 17 and Table 19 by the use of time step absolute errors of LRBFDQ method are also
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mentioned in Table 18 and Table 20 with time step
dt=0.01 and 6=2, 3 respectively up to time t=5. The
value of c used for all these Tables are c= 1.388* 10~

u(x,0) = = + =tanh(w,x), x € [0,1],

NI
NI

15 for ni=3 and ¢=1.0409 X 10-15 for n;=5.

Example 7: In generalized Burger’s-Huxely equation
(1)-(4), put =0 and 6=1, equation takes the form of
Huxely equation. We take the parameter value as

p=1

U — Uy = u(l —w)(u —y),

with initial condition:

x €N =1[abl,t=0

and boundary conditions

u(0,t) = g + gtanh(—wlwzt)
u(l,t) = g + gtanh(wl (1 — wyt)), t>0
Computations are performed by

LRBFDQ by using shape parameter c=1.672>10-9
for ni=3 and ¢=1.0818*%10-9 for ni=5.and y=0.001.

Table 17: Error norms for a=1, =1, §=2, dt=0.01, y=0.001

t Ly (m=3) Ly, (ni=5) Lz(ni=3) L2(ni=5)
0.05 2.0398 X106 1.7486 X 106 9.8662 X107 1.0749 %X 10+
0.1 4.0795%X 106 3.497 X 10+ 1.963 X106 2.1437 X106

1 4.0766 X 10 3.4953%X 10 1.9594 X 105 2.1409 X 105

5 2.0319 X 104 1.7438 X104 9.7899 X 105 1.0687 X 104

Table 18: Numerical and exact values and absolute errors for a=1, =1, §=2, dt=0.01, y=0.001

LRBFDQ LRBFDQ LRBFDQ-AE LRBFDQ-AE
X (n=3) (n=5) Exact (n=3) (n=5)

0.1 0.022361771 0.022361480 0.022361481 2.9%107 1.15%X 10

005 05 0022362549  0.022362549  0.022363423 8.75% 107 8.7 X107
09 0022363325 0022363616  0.022365365 204X 10 1.75 X 106

0.1  0.022362378  0.022361795  0.022361797 5.8 %107 2.26 %10

01 05 0022361990  0.022361990  0.022363739 1.75%X 106 1.75%X 106
09 0022361601  0.022362184  0.022365681 408X 106 3.5X 106

0.1  0.022373300  0.022367472  0.022367486 5.8 %10 1.37X10%

1 05  0.022351932  0.022351921  0.022369427 1.75%10-5 1.75%X 105
09  0.022330598  0.022336423  0.022371368 408X 10 3.49X 10

0.1  0.022422075  0.022392879  0.022392749 2.93%X10% 1.3X107

5 05 0022307174  0.022306904  0.022394689 8.75% 10+ 8.78X 10
09 0022193420 0022222444  0.022396628 203X 10 174X 10+

Table 19: Error norms for a=1, =1, §=3, dt=0.01, y=0.001

t Ly, (ni=3) Lz (ni=3)
0.05 7.328%X 10 3.572%X 10+
0.1 1.465 %105 7.108X 106

1 1.4642 X 10+ 7.0952 X 105

Table20: Numerical and exact values and absolute errors for a=1, =1, §=3, dt=0.01, y=0.001

LRBFDQ LRBFDQ-AE
T X (n=3) Exact (n=3)
0.1 0.079373754 0.079372811 9.4X107
0.05 0.5 0.079375815 0.079379007 3.19 X106
0.9 0.079377874 0.079385202 73X 10%
0.1 0.079375906 0.079374020 1.89 X106
0.1 0.5 0.079373832 0.079380216 6.83 X106
0.9 0.079371755 0.079386411 147X 105
0.1 0.079414710 0.079395776 1.89 X105
1 0.5 0.079338123 0.079401969 6.38%X 10
0.9 0.079261739 0.079408160 146X 10+
0.1 0.079588655 0.079492325 9.63X 10
5 0.5 0.079179029 0.079498503 3.19X 104
0.9 0.078775587 0.079504679 7.29 X 104

The error norms of LRBFDQ method are reported
in Table 21. Moreover for comparison purpose the
absolute errors of LRBFDQ method, ADM (Ismail et
al., 2004) and GRBF (Khattak, 2009) at specific nodes
are also reported in Table 22 up to time t=50.

Example 8: Again consider the Huxley equation, i.e.
take @=0 in the generalized Burger’s-Huxely Eq. 1-4.
Computations are performed by applying LRBFDQ
and considering =1 and y=0.001.

The error norms of LRBFDQ method are reported
in Table 23 and 25 for 6=2 and 3 respectively.



Bukhari et al/ International Journal of Advanced and Applied Sciences, 4(5) 2017, Pages: 1-11

Similarly the absolute errors of LRBFDQ method, are c= 1.672%10° for ni=3 and ¢=1.0818* 10 for
ADM (Ismail et al., 2004) and GRBF (Khattak, 2009) ni=5.

for 6=2, 3 are also mentioned in Table 24 and Table

26 up to time t=5. The value of c used in these tables

Table 21: Error norms for a=0, =1, §=1, dt=0.01, y=0.001

t Lo, (ni=3) Lo, (ni=5) L2 (ni=3) L2 (ni=5)
0.05 2.4988 X 108 5.1347 X 108 2.1195%X 108 3.0711%X 108
0.1 4.9977 X108 1.0269 X 10-7 4.2072%X 108 6.1418 X 108
1 4.9996 X 107 1.0262 X 106 4197 X107 6.1359 X 107
5 2.5041 X106 5.1155 %X 106 2.0993 X 106 3.0649 X 10
50 2.5541 X105 4.9458 X 105 2.1085 X 105 3.0125 X105

Table 22: Numerical and exact values and absolute errors for a=0, f=6=1,dt=0.01, y=0.001.

GRBF )
LRBFDQ LRBFDQ LRBFDQ-AE LRBFDQ-AE ADM (Ismail
t X _ = Exact _ _ (Khattak,
(ni=3) (ni=5) (ni=3) (ni=5) 2009) etal, 2004)
0.1  0.000500026 0.000500032 0.000500030 4.0%X10° 137X 10 0.0 X 10 1.88 X 107
0.05 0.5  0.000500076 0.000500076 0.000500101 2.50X 108 2.5%X108 1.0X109 1.87%X107
0.9  0.000500168 0.000500173 0.000500172 40X 109 137X 109 10X 109 187X 107
0.1  0.000500035 0.000500045 0.000500043 8.01%X10° 2.7%X10° 1.0X 109 3.75%X 107
0.1 0.5 0.000500063 0.000500063 0.000500113 5X10-8 5X10-8 0.0X10-° 3.75X107
0.9  0.000500176 0.000500187 0.000500184 799X 109 27X 109 0.0X 109 375X 107
01  0.000500188 0.000500295 0.000500268 7.98 X 10 2.7%10% 1.0%10° 37.5X107
1 0.5 0.000499839 0.000499838 0.000500338 5X10-7 5X 107 0.0%X109 37.5%X10-7
0.9  0.000500329 0.000500436 0.000500409 797X 10 97X 10 10X 109 375X 107
0.1 0.000500874 0.000501395 0.000501267 3.93 X107 1.28% 107 0.0 X107 )
5 0.5  0.000498839 0.000498837 0.000501338 2.5X10-6 2.5%10- 1.0%X 1079 i
0.9  0.000501016 0.000501537 0.000501408 393X 107 129X 107 0.0X 109
0.1 0.000509232 0.000513036 0.000512509 3.27%X 10 5.27 %107 1.0%107 )
50 0.5  0.000487597 0.000487410 0.000512579 25X10-5 2.52%X10 0.0%X10- i
0.9  0.000509381 0.000513182 0.000512650 327X 10 < 32X 107 0.0X 109
Table 23: Error norms for a=0, =1, §=2, dt=0.01, y=0.001
T L (ni=3) L (ni=5) L2 (ni=3) L2 (ni=5)
0.05 1.1175 X 106 2.2961 X 106 9.4782 X107 1.3734 X106
0.1 2.2351%X 106 4592106 1.8814 X 106 2.7466 X 10+
1 2.236 X105 45894105 1.8768 X105 2.7458 X105
5 1.1199 X 10+ 2.2889 X 10+ 9.3871 X105 1.3712%X 10+
Table 24: Numerical and exact values and absolute errors for a=0, =1, §=2, dt=0.01, y=0.001
GRBF )
LRBFDQ LRBFDQ LRBFDQ-AE LRBFDQ-AE ADM (Ismail
T X (ni=3) (ni=5) Exact (ni=3) (ni=5) (Khattak, ") 2004)
2009)
01  0.022361705 0.022361945 0.022361884 1.79 X107 6.1%10 2%X10%® 5.8X 107
0.05 0.5  0.022363348 0.022363348 0.022364466 112%X10-6 11X10-6 3X108 5.7X107
0.9  0.022366869 0.022367109 0.022367047 179X 107 61X 10 3% 108 550X 107
01  0.022362085 0.022362565 0.022362443 3.58 X107 12X 107 2%X10%® 1.14% 10
0.1 05  0.022362790 0.022362790 0.022365025 2.23%X106 2.2%10-6 2X 108 1.12%X10-6
0.9  0.022367249 0.022367729 0.022367606 357X 107 12X107 3X 10 111X 10
0.1  0.022368933 0.022373710 0.022372499 3.57X 10 1.1%X 10 2X10® 1.12%X 105
1 0.5  0.022352731 0.022352728 0.022375079 2.33%X105 2.2%X10-5 3%X108 1.19%X105
0.9  0.022374105 0.022378880 0.022377659 355X 106 12X 10 2% 10 112X 105
01 0022399653  0.022423003 0.022417137 1.75%10% 5.87 %10 3% 10° )
5 0.5 0.022307971 0.022307888 0.022419712 112X 10+ 1.12 X 104 2X10-8
0.9  0.022404856 0.022428197 0.022422287 174X 10 591X 10 3% 108
Table 25: Error norms for a=0, =1, =3, dt=0.01, y=0.001
T Ly, (ni=3) Ly, (ni=5) L2 (ni=3) L2 (ni=5)
0.05 3.9667 X 10-6 8.1497 X 10+ 3.3641 X 106 4.87468 X 106
0.1 7.9336 X106 1.6299 X 105 6.6777 X 106 9.7486 X 10-6
1 7.9336 X105 1.6292 X 10+ 6.6614 X 105 9.7466 X 105
3. Conclusion been extended to generalized Burger’'s-Huxley
equation. Numerical results using the proposed
In this paper the local radial basis functions method are obtained for generalized Burger’s-
based differential quadrature collocation method has Huxley equation and its variants (Burger’'s-Huxley



Bukhari et al/ International Journal of Advanced and Applied Sciences, 4(5) 2017, Pages: 1-11

equation, Huxley equation, Burger’s equation and
modified Burger’s equation etc.). Gaussian radial
basis function with three and five point central
scheme in local support of each node is used. Infinity
error norm, Lz error norm and absolute error are
used to measure the accuracy of the proposed

proposed method is achieved. The results obtained
in the form of accuracy are comparable with
reference to global radial basis function collocation
method while better than Adomian decomposition. It
is also observed that in most cases the proposed
method produces highly accurate results for small

method. Considerable accuracy through the values of the parameters «a, 8, v, dt, 6.
Table 26: Numerical and exact values and absolute errors for a=0, =1, §=3, d¢t=0.01, y=0.001
LRBFDQ LRBFDQ LRBFDQ-AE LRBFDQ-AE GRBF[61] ADM[.SQ]
T (ni=3) (ni=5) Exact (n=3) (ni=5) (Khattak, (Ismail et
2009) al, 2004)
0.1 0.079373385  0.079374237 0.079374020 6.36 <107 2.17%107 8% 108 1.02% 10
0.05 0.5 0.079377990 0.079377990 0.079381956 3.97X 106 3.97X 106 9X10-8 2X10-6
0.9 0079389256  0.079390108  0.079389890 6.3%107 219X107 8X10% 2% 106
0.1 0.079374733  0.079376437 0.079376004 1.27 %106 4.33%X107 8% 108 4%X106
0.1 0.5 0.079376007 0.079376007 0.079383939 7.9X10-6 7.93X10-6 9X10-8 3.94X 106
09 0.079390606 0.079392310 0.079391872 1.27 X106 4.37%X107 8X 108 3.97 X106
0.1 0.079399050 0.079416009 0.079411690 1.26 X105 432X 106 8% 10 3.97%X10°
1 0.5 0.079340297 0.079340286 0.079419618 7.93%X10-5 7.93%X10-5 9X10-8 3.96 X105
09 0.079414952 0.079431907 0.079427544 1.26 X105 4.36%X106 8X 108 3.96 X105
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