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In this article we in}roduce and study some I-convergent double sequence
spaces 25’ (M ),,S0" (M ), ,So' (M) with the help of compact operator T
on the real space R and an Orlicz function M. We study some of its
topological and algebraic properties and prove some inclusion relations on
these spaces.
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1. Introduction

Let N,R,C be the sets of all natural, real, and
complex numbers respectively. We denote

= {x = (x;): x, € Ror C} (1.1)

showing the space of all real or complex double
sequences.

Definition 1.1: Let X and Y be two normed linear
spaces. An operator T: X — Y is said to be a
compact linear operator (or completely continuous
linear operator), if :(i) T is linear. (ii) T maps every
bounded sequence (x;) in X onto a sequence T(x;) in
Y which has a convergent subsequence.

The set of all compact linear operators C(X,Y) isa
closed subspace of B(X,Y) and C(X,Y) is a Banach
space if Y is a Banach space. Throughout the paper,
we denote 2lco, »¢ and ¢ as the Banach spaces of
bounded, convergent, and null double sequences of
reals respectively with the norm:

]l = sup x;. (1.2)
i,JEN

Following Basar and Altay (2003) and Sengonul
(2007), we introduce the double sequence spaces »s
and ,S, with the help of compact operator T on R as
follows:

* Corresponding Author.

Email Address: aesi23@hotmail.com (A. Esi)
https://doi.org/10.21833 /ijaas.2017.04.007

2313-626X/© 2017 The Authors. Published by IASE.

This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

43

S = {x = (X;)E Jl,, T (X)E ¢}
Sy = {x = (x;)E€ zlw: T (x) € ,¢0)-

As a generalization of usual convergence, the
concept of statistical convergent was first introduced
by Fast (1951) and also independently by Buck
(1953) and Schoenberg (1959) for real and complex
sequences. Later on, it was further investigated from
a sequence space point of view and linked with the
Summability theory by Salat (1980) and Tripathy
(2004).

Definition 1.2: A double sequence x = (x;;) € ,w s
said to be [-convergent to a number L if for every € >
0, we have

{(,j) ENXN: |x; - L]l =2 €}€l (1.3)

In this case, we written I —lim(x;) = L. The
ij

notation of ideal convergence (I-convergence) was
introduced and studied by Kostyrko et al. (2000,
2005). Later on, it was studied by Salat et al. (2004,
2005), Tripathy and Hazarika (2009, 2011), Khan
and Ebadullah (2011, 2012, and 2013). Now, we
recall the following definitions:

Definition 1.3: Let X be a non-empty set. Then, a
family of sets I < 2Xis said to be an Ideal in X if

l.p €l
2.lis additive; thatis,A,B € | = AU Bl €1;
3.lis hereditary thatis,A € I, B € A = B € I.

An Ideal I <€ 2% is called non trivial if I # 2%.
A non-trivial ideal I < 2* is called admissible if
{{Ix}: x € X} €L
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A non-trivial ideal I is maximal if there cannot
exist any non-trivial ideal / # I containing I as a
subset.

Definition 1.4: A non-empty family of sets F € 2"is
said to be filter on X if and only if

1.0¢ F;
2.For,A,B € FwehaveAd N B € F;
3.ForeachA€ Fand A € BimpliesB €F.

For each ideal I, there 1is a filter
F (I) corresponding to I. That is,
F()={K SN: K€ I},where K =N — K. (1.4)

Definition 1.5: A double sequence (x;) € ,wis
said to be I - null if L = 0. In this case, we write
I —lim x; = 0. (1.5)
Definition 1.6: A double sequence (x;;) € ,w is said
to be I-Cauchy if for everye > 0 there exists
numbers m = m(e),n = n(e) such that

{(Lj) e NXN: |x; — x,,| = €}e L (1.6)
Definition 1.7: A double sequence (x;) € ,wis
said to be I-bounded if there exists M > 0 such that
{(i,j) E NXN: |xjj| > M}e I 1.7)
Definition 1.8: A double sequence space E is said to
be solid or normal if (x;;)€E implies that
(a;;x;;) € E for all sequence of scalars (a;;) with
la;;| < 1forall (ij) EN xN.

Definition 1.9 A double sequence space E is said to
be symmetric if (x=(,)) € E whenever (x;) € E, where
n(i,j) is a permutation on N.

Definition 1.10: A double sequence space E is said
to be sequence algebra if (x;.y;) € E whenever

(x4),(yy) € E.

Definition 1.11: A double sequence space E is said
to be convergence free if (y;) € E whenever
(x;;) € Eand x;; = Oimpliesy,;; = 0, for all (i j)€
N x N.

Definition 1.12: Let K = {(n, k;) : i,j € N; n; <
n < n; <....and k; < k, < kz <....} €

N X N and E be a double sequence space. A K-step
space of E is a sequence spaces:

li = {(aijxij) i (x;) € E}

Definition 1.13: A cannonical preimage of a
sequence (Xnikj) €Eis a sequence (bnk) €E defined

as follows:
b { Xnk forn,k € K
nk=1 o, otherwise
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Definition 1.14: A sequence space E is said to be
monotone if it contains the cannonical preimages of
all its step spaces.

Definition.1.15: A function M : [0,00) — [0,0) is
said to be an Orlicz function if it satisfies the
following conditions;

1.M is continuous, convex and non-decreasing,
2.M(0)=0,M(x)>0and M (x) » c0oasx — 0,

Remark: (i) If the convexity of an Orlicz function is
replaced byM (x +y) <M (x) + M (y), then this
function is called Modulus function (Tripathy and
Hazarika, 2011).

(ii) If M is an Orlicz function, then M (AX) < AM (x)
for all A with0 <A <1 (Tripathy and Hazarika,
2011). An Orlicz function M is said to satisfy A2-
condition for all values of u if there exists constant
K > 0 such that M (Lu) < KLM (u) for all values of L
> 1 (Tripathy and Hazarika, 2011).

Lindenstrauss and Tzafriri (1971) used the idea
of an Orlicz function to construct the sequence space

Iy ={x € w,z M (ﬂ) < oo forsome p > 0. } (1.8)
k=1 P

The space l» becomes a Banach space with the
norm
%]l = inf o > 0,25, M () <13, (1.9)
which is called an Orlicz sequence space. The space
Iu is closely related to the space I, which is an Orlicz
sequence space with M (t) = t? forl < p < oo.

Later on, some Orlicz sequence spaces were
investigated by Hazarika and Esi (2013), Maddox
(1970), Parashar and Choudhary (1994), Bhardwaj
and Singh (2000), Et (2001), Khan et al. (2016)
Tripathy and Hazarika (2011), and many others.

Initially, as a generalization of statistical
convergence, the notation of I-convergence was
introduced and studied by Kostyrko et al. (2000).
Later on, it was studied by Khan and Ebadullah
(2013), Hazarika and Esi (2013), Salat et al. (2004,
2005) and many others. We used the following
lemmas for establishing some results of this article.
Lemma 1.1: Every solid space is monotone
(Tripathy and Hazarika, 2011).

Lemma 1.2: Let F () andM S N.IfM ¢
I,thenM N K ¢ I.

Lemma 1.3: If 7c2Nand M c N.IfM ¢
I,thenM n N ¢ I.

2. Main results

In this article, we introduce the following double
sequence spaces:
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2S1(M) = {x = (xij) € ;w:1 — limM

|TCeep) =L\ _
(T’%) =

0,for some L € C,p > 0}, (2.1)
,SL(M) = {x = (xy) € 20 — limM ('T(’%)') —0,p>
0}, 2.2)
WSLM) = {x =(x;) €w:3K > Os.t.{i,j €
N:M(Hi%)l)zl(,p> O}EI} 2.3)

2Soo(M)={ =(x; )Eza)supM(I (”)I)<oop>061}

(2.4)
We also denote
:ML(M) = zSI(M) N 2S00(M) and zMgo(M) = 25(M) n

Theorem 2.1: For any Orlicz function M, the classes
of double sequence

254(M), 28" (M) ,2M% (M)and 2ML (M)
are linear spaces.

Proof: Letx = (x;), ('yi].) € zSI(M) be any two
arbitrary elements and let «, 5 be scalars. Now, since
x = (x;;), (vi;) €28'(M) =3 some positive
numbers Li, Lz € C and p4, p, > 0. Such that

_ IT(xi)=Lal\ _
I=limM (—p1 ) =0, (2.5)
and

RT IT(Yij)-Lal\ _
I~ limM (792 )=o0. (2.6)
For any € > o, the sets
Alz{(i,j)eNxN:M(%)zgel} 2.7)
and
A = {(i,j) eNXN:M (—'T(yzj N 2fe 1}. (2.8)

Let p; = max{2|al|p,,2|B|p,}. Since M is non-
decreasing and convex function, we have
M (IT(axij+Byi/)—(aL1+ﬁ’Lz)|) _
P3
M(IlIT(Xij)’rﬁT('yij)—aLrﬁLzI) < M(|a||T(xij)—L1|> +
@y _ o (ArGa)kaly , o (Tl

18] ij)—L2 ij)—L1 ij)—L>

M( ! )< m( L )+ m( 7 ) @9

therefore, from (2.7), (2.8) and (2.9), we have

25,}(:

{6 € N e (XU Cebuspia

(4,U4,) €1
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this implies that

|T (axij + BYyy) =
P3

{(i,j)eNxN:M( (aL1+ﬁL2)|)Ze,}

el
<|T(“xif +BYi) =
P3

= limM
ij

4 axl-j +ﬁyl] € ZSI(M)
= 25T(M) is linear space and the proof of others
follow similarly.

(aL; + BL2)|) _

Remark: For an Orlicz function M, the spaces
2M: (M), and 2Mi(M) are Banach space normed by

T(x;:
x|[ =in >o:suMM <1,p>0¢
x| = infip up P p

Theorem 2.2: Let M1; M2 be two Orlicz functions
and satisfying A2 condition, then

a) X(M,) € X(M, M)

28',25¢ ,2M{ (M)and 2 Mg,

Proof: a) Let x = (x;;) € 25(M,) be an arbitrary

element. There exists p > 0 s.t
T ITCapl _

I~ limbM, (—p )=0. (2.10)

Let € > 0and choose 0 < & < 1suchthatM,(t) <
efor0<t<6.PutYy; =M, (@) and consider,

lim M1 (ij)

1(yij) +y i>6,1,jEN
(2.11)

11mM1 (‘yu) =, <6ueN

Now, since M; is an Orlicz function so we have
M;(Ax) < AM;(x),0 < A < 1. Therefore we have,

lim M, (Yy;) SMl(Z)

'y,,<6 Den llm M1 (ij)

A (2.12)

for Y;; > 8, we have Y;; < % <1 +%. Now, since
M, is non-decreasing and convex, it follows that,

25

My(Yi) <M1+ 2 <im@+im A, (213)

Since M, satisfies the A,- condition we have,

My (Yi) < 2REDM, 2) + 2 Km, B2 < 2Ly (2) +
%K%Ml(z) = K%Ml(z). (2.14)
This implies that,

My (Yy) < KCDHM, (2) (2.15)
hence, we have

y,,>lgr11]eN My (Yy) <

max {1, k61 M1(2) 1%r?]€N 1 (Vi) (2.16)
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therefore from (2.10) and (2.11) we have

I- lili(yij) =0

= 1~ lim M, M, ('T(x”))') 0.

This implies that x = (x;;) € 25{(M;M;). Hence
X(M,) € X(M;M,) for X = 25} The other cases can
be proved in similar way.

(b) Letx = (x;) € 250(M1) N25((My). Let € >0 be
given, then 3 p > 0. Such that,

= lim My (x;)) = 0 (2.17)
and

= lim My (xij) = 0 (2.18)
therefore

I=lim My + MZ('T(’“”)') = lim My ('T("”)') +1—

lim M2 ('T"”')

from Eqgs. (2.17) and (2.18)

T (xij)l

:>I_l]m(M1+M2)( ) 0.

We get

x = (x;;) € 2S§(My+ My).
Hence we get

x = (x5) € 255(My+ My).

For 2S',2M] (M)and 2M{, the inclusion are similar.
Corollary: X € X(M) For X =:5',25(,2M¢{ and 2Mj.

Theorem 2.3: For any Orlicz function M, the spaces
254 (M)and 2Mg (M) are solid and monotone.

Proof: Here we consider 2S5 (M)and for 2M§ (M)
the proof shall be similar. Let x = x;; € 25§ (M) be
an arbitrary element, = 3Jp > 0 such that

I — hmM(|T(xll)|
ij P

) =0. (2.19)

Let (a;;) be a sequence of scalars with |a;;| <1
fori.j € N.

Now, M is an Orlicz function and for € > 0, the
results follows from the following inclusion

{(z])ENxN M(M)>e}g{(i,j)el\lx

N: M('T(J;%)l) > e.} (2.20)

This implies that,
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I~ 1lim M(M) 0. (221)

Thus we have
(aijxl-j) € ZS(I) (M)

Hence 25} is solid. Therefore 2S¢ (M) is monotone.
Since every solid sequence space is monotone. For
2M{ (M) the proof shall be similar.

Theorem 2.4: For any Orlicz function M, the space
2ST(M) and 2M!(M) are neither solid nor monotone
in general.

Proof: Here we give counter example for
establishment of this result. Let x = 2S’and :M!. Let
us consider I =I5 and M(x) = x2, for all x = x;j €
[0,0) and T an identity operator on R. Consider, the
K-step space Xx (M) of X(M) defined as follows: Let
x = (x;;) €EX(M) and Y = (Y;;) € Xxk(M) be such
that

W= nera @22)

Consider the sequence (x;;) defined by (x;;) =1
for all i,j € N. Then x = (x;;) € 2S'(M) and :M{(M),
but K-step space preimage does not belong to
2ST(M) and 2MI(M). Thus 2S'(M) and 2M!I(M) are
not monotone and hence they are not solid.

Theorem 2.5: For an Orlicz function M and an
identity operator T on R, the spaces :5/(M) and
2S'(M) are sequence algebra.

Proof: Here we consider 255(M). Let x = (x;;) and
Y=(Yy) € 2S'(M) be any two arbitrary elements.
There exists py, p, > 0 such that,

1 —tim mTEly _ o (2.23)
ij P1
and
~lim M(lT(y”)l) (2.24)

Letp p1, P2 > 0 then

M(|T(xijf(yij)|) — M(lT(;ll])l) M(|T(l')yzl})|) =] —

lim M (|T(xi,-)T(yi,-)|) -0

ij P

Therefore we have (x;;Y;;) € 25§(M). Hence 25§ (M)
is sequence algebra.

Theorem 2.6: Let M be an Orlicz function. Then

2S5 (M) & 28" (M) & 2SL,(M).

Proof: Let M be an Orlicz function. Then, we have to
show that

25§ (M) & 28" (M) & 2S5, (M).
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Firstly, 25§ (M) € 2S'(M) is obvious. Now, let x =
(xij) €25'(M) be any arbitrary element = 3p >0

suchthat= 1 — limM (W) =0 forL € C.
ij

o (F) < ) ),

Taking supremum over i,j to both sides, we have
x = (x;;) € 2S"(M). Thus

2S§(M) < 2S'(M) & 2SL,(M).

Theorem 2.7: The set 2M!(M) is closed subspace of
2SL(M) .

Proof: Let xi(fq) be a cauchy sequence in M. (M)
such that xi(}.’q) - x. We show that x = (x;;) €
zMS’(M).Since,xi(fq)EzMS’(M) the ther exists a,q
andp > 0 such that

)
{i,jeN:M(| ( )|)>e}el.

We need to show that

1.a,q, converges to a.

2.1FU = {i,j €N: M (W) < 5}, then U° € 1.

Since (x(pq)) be a Cauchy sequence in 2M.(M) the

for a given € >0 there exists ky, € N such that
(pa) (rs)
|T\x =T(x;:>" )|
sup ()T
ij
a given € > 0, we have

|T(X(pq)) T(X(TS))

) < g, forall p,q,7,s = k,. For

Bpgrs = {i,j € N:( ) <3}
T PD\_g |
Bypq ={i,j EN: (%)ﬁ},
.. |T(x(r5)) Gys|
Bys={i,j € N:(——) <3}
Then Bjqys, Bjq, Bfs € I. Let B = BS ., sNBS,NBYs,

where B ={i,j € N:M(@) < €}, then B¢ €.
We choose k, € B¢, then for each p,q,7,s = k, we

have
B={ij eN:M('“”p;a”')<e} S [{i,] €

(pq) (e (rs)
N: () p) 2 <HY G EN: wZC T C) )pT(x” )

<
x(?s) rs
9 nfij e N:M(%) <HN

Then (a,q) is a Cauchy sequence in C. So, there
exists a scalar a € C such that

(apq) > aasp,q — oo.

For the next step, let 0 < § < 1 be given. Then,
we show that if,
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U={ij €N:M( ) < 8}

|T(xi;) — al
p

then U€ el. Since xi(fq) — x, then there exists
Po,q0 € N such that,

[r (<) -7
p

P={ij €N:M( ) < }=>PC€I

The numbers p,, q, be so chosen such that we have

Q={ij ENM(M)<—}

such that Q¢ € I. Since (x(pq)) € :MI(M).
We have

|T ( (pofIO))
U

p

{i,j €N:M(

then we have a subset S of N such that S¢ € I, where

|T ( (POQO))
pP

)

Podo
) <3}

S={i,j €N:M(

Let U¢ = P¢ U Q¢ U S¢, where

IT(x) —al
p

U={i,j € N:M( ) < &)

Therefore, for each i,j € U¢, we have

TGO —al |T( (Do%) T(x)|

{i, eENM(———)<d2[{i,j e N:M(

5}n{ij eN-M'a”"%)<5}n{i,j €

|T( (170!10))

N: M( ””"') <3

Hence the result :MX (M) c 251, (M) follows.
3. Conclusion

In this paper we have studied a more general
type of convergence for double sequences, that is I-
Convergence as well as I-Cauchy in a more general
setting i.e. compact operator is used to defined I-
convergence for double sequence space. These
spaces and results provide new tools to deal with the

convergence problems of double sequences
occurring in many branches of science and
engineering.
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